Computers & Graphics 36 (2012) 635-641

Contents lists available at SciVerse ScienceDirect M

&GRAPHICS

Computers & Graphics

journal homepage: www.elsevier.com/locate/cag

Special Section on CANS

Irregular pit placement for dithering images by self-occlusion

Marc Alexa *“* Wojciech Matusik "¢

2 TU Berlin , Germany & University of Toronto, Canada

> MIT, Boston, MA, USA

¢ Disney Research Boston ,Boston, MA, USA

ARTICLE INFO

ABSTRACT

Article history:

Received 14 November 2011
Received in revised form

13 February 2012

Accepted 14 February 2012
Available online 3 March 2012

Keywords:
Dithering
Stippling
Scanning

We propose a complete system for designing, simulating, and fabricating surfaces with shading due to
self-occlusion that induce desired input images. Our work is based on a simple observation. Consider a
cylindrical hole (a pit) in a planar surface. As the depth of the hole increases, the radiance emitted from
the surface patch that contains the hole decreases. This is because more light is trapped and absorbed in
the hole. First, we propose a measurement-based approach that derives a mapping between average
albedo of the surface patch containing the hole and the hole depth. Given this mapping and an input
image, we show how to produce a distribution of holes with varied depth that approximates the image
well. We demonstrate that by aligning holes with image features, while still maintaining an irregular
distribution, we can obtain reproductions that look better than those resulting from regular hole
patterns—despite using less holes. We validate this method on a variety of images and corresponding

3d output

surfaces fabricated with a computer-controlled milling machine and a 3D printer.

© 2012 Elsevier Ltd. All rights reserved.

1. Introduction

Artists have long been experimenting with the visual effect of
self-occlusion on surfaces. For example, in sculpting, chisel marks
on surfaces cause shading due to occlusion. A skilled artist can use
this shading to induce an apparent desired texture even on
surfaces made of a uniform material. In our work we explore a
very similar concept. Our goal is to automatically produce a
model of a surface made of a uniform material that can reproduce
a desired input texture or an image. Once we generate a model of
this surface, we can use automated devices such as computer-
controlled CNC milling machines or 3D printers to physically
fabricate the real surface. This paper shows a complete pipeline
(and a suite of tools) that allows converting an arbitrary image
(e.g., a photo taken with a digital camera) to a corresponding
surface that can be physically fabricated from a range of different
substrates (e.g., ceramic, plaster, wood, or metal).

Apart from its potential aesthetic appeal, this process has
interesting practical applications as many consumer products
are mass-manufactured using an injection molding method. In
this method a substrate is injected into a custom pre-manufac-
tured mold. By minimally modifying the mold, our method allows
the addition of grayscale images to virtually any injection-molded
product at almost no additional cost. In comparison, adding
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graphics or images to these surfaces requires an expensive,
additional painting procedure that is often performed manually.

Our process uses cylindrical pits as basic geometric primitives
(although this method can be easily extended to accommodate
different primitives as well). We make a simple observation:
when we increase the depth of a pit, the average apparent albedo
of the surface patch containing this pit decreases. This is because
a deep pit generally absorbs more light than a shallow one. One of
our goals is, clearly, to optimize the apparent match between the
computer prediction (or simulation) and the appearance of the
real surface. For predicting the dependence between hole depth
and albedo we use a simple data-driven solution. We first
manufacture a calibration pattern with holes of different depths.
Then, we use a measurement system to estimate an apparent
albedo as a function of hole depth. Next, we build an inverse
function that maps apparent albedos to the hole depth. This
inverse function allows us to go directly from a desired image
to a pitted surface based on a regular grid and thus a desired
surface model.

The main point of this paper, however, is to investigate
irregular hole patterns. Irregular grids allow us to improve the
resolution mismatch between the number of pits in the fabricated
surface and the number of pixels in the input image by aligning
pits with the dominant image features. We describe a new variant
of Centroidal Voronoi Tessellations (CVT) with identical areas for
the pit centers—an approach so far suggested by Balzer et al. [1]
for dithering and stippling. Our version, however, uses a different
algorithm and also computes centroids in weighted fashion, to
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Fig. 1. Input images, a pattern of pits and the corresponding power cells.

avoid bad locations for the pit centers. Since regular grids provide
the maximum number of holes per area this process necessarily
decreases the number of holes. Yet, the results from irregular
patterns are clearly better than those based on regular grids.
We believe that our approach has several interesting and unique
properties. First, the process is completely ink-free—we can embed
arbitrary images into almost any surface and without using any dye
or additional material. The approach is relatively inexpensive,
simple to implement, and works well on large-scale surfaces. The
produced surfaces are durable and integrate well with current
materials. We also believe that these surfaces have a very unique
feel and they can be appreciated by many observers. Finally, this
method could also be used in conjunction with surfaces with non-
uniform albedo (e.g., to increase the dynamic range of the medium).

2. Related work

The problem of computing a surface that depicts a given image
based on the occlusion of small holes is original. To the best of our
knowledge, the problem has not been explicitly stated and thus
there are no methods that have ever attempted to solve it.
However, there are a few related publications in the computer
graphics and computer vision literature.

In particular, the problem of predicting an aggregate surface
reflectance of diffuse surfaces with various micro-geometries has
been explored. For example, Oren and Nayar [2] develop a model
for Lambertian microfacets. Koenderink et al. [3] predict an
aggregate reflectance of surfaces with spherical concavities.
Similarly Meérillou et al. [4] develop a reflectance model with
holes inserted into the surface profile. In this work, we do not deal
at all with angular reflectance variation, instead we focus on
spatial reflectance properties. Computer graphics researchers
have also investigated the problem of generating bas-reliefs
[5-8]—an automated process of embedding three-dimensional
models in the form of reliefs onto planar surfaces. However, the
visual result of the relief depends on the fact that compression of
depth values is tolerated by the human visual system (the bas-
relief ambiguity [9]). In a recent approach, we have created reliefs
for specific light directions, yet not based on shading [10].

There have been also a number of methods that attempt to
reproduce images on uniform materials. For example, one method
[11,12] computes a spatially varying thickness of a uniform
material slab such that the desired image is induced by the
material transmission. Perhaps the most similar work to ours is
the shadow art by Mitra and Pauly [13]. They generate a volu-
metric structure that casts three different user-specified binary
shadows onto planar surfaces. In our case, we generate a planar
structure that would induce a single grayscale image directly on
its surface using self-occlusion.

For generating irregular pit distributions, we draw from algo-
rithms for computer-generated stippling patterns [14-17]. In
particular capacity-constrained diagrams [1,18] have inspired
the our current algorithm, as it also considers equal area of cells
an important goal. However, there are some important differ-
ences compared to our setting. First, in our method as we are also
able to change the grayscale level of each stipple continuously
while the typical stipples have no intensity variation, or they are
quantized [19]. Second, we have to absolutely enforce the
distance between the stipples in order to be able to manufacture
the physical surface without losing the property of self-occlusion.

3. Model

As a first step for creating and analyzing surfaces we need to
define what we understand as the image generated by the pitted
surface. We assume all pits to have the same radius r and further
that no two pits intersect. Let P = {(p.,p,)} represent the pits, with
p. being the position of the center of the pit p and p, being the
associated value depending on the depth of the pit and the
associated area.

We associate the power cell [20] with the radius r located at p,
to the pit and model the gray value in each cell as constant. A
power cell is defined as the set of points closest to p. based on the
pseudo-distance function

dp(x) = Ipc—xI12—12. (1)

It turns out the shape of the power cells remains unchanged by
adding a constant to all radii r. This means that the diagram we
need to compute is equivalent to the Voronoi diagram,' as long as
the radii are constant.

Fig. 1 shows how Voronoi regions are fitted to the pits. This
allows us to compute the necessary gray values, and thus depths,
for the pits.

Based on this model, we can (independently) consider the
problems of mapping the tone values in the image to the physical
artifact and placing the individual pits on the surface.

4. Computing values and depth

First, we describe our data-driven model generating a table that
converts from the values p, to the necessary depth of the hole. The
table depends on the material and we describe a simple measure-
ment process to estimate it. It turns out that the dynamic range is
quite limited. Consequently, we also explain how to map an image
into this dynamic range.

! We note that using the power diagram has several conceptual advantages
over considering the Voronoi diagram of the circular pits, as we did before [21].
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4.1. Data-driven pit model

We would like to produce the best possible match between the
desired image and the radiance values observed by the viewer.
However, these values depend on the viewer's position and the
illumination environment. In our setup, we assume the viewer is
observing the surface directly from the front (perpendicular to the
surface). It turns out that the exact position of the viewer is not
critical in practice (see Fig. 6). It is, in general, difficult to know the
typical illumination conditions beforehand (e.g., the surface can be
viewed under different lighting conditions). Therefore, we assume
that the incident lighting is uniform. One could also optimize the
surface for a particular incident lighting. In this case this incident
lighting would have to be recreated in the measurement setup.

In our procedure, we have to manufacture a calibration pattern
for each material type. We use this pattern to determine the
dependence of the apparent albedo of a surface patch on the pit
depth. Our pattern consists of several rows of equal lines of pits in
ascending depths from zero to a maximum depth. We use a white
diffuse tent to approximate the uniform illumination. The camera
is placed directly above the surface. We also use a material
sample with known reference albedo and we estimate the albedo
of our surface by comparing it to the reference material.

Next, we process the calibration image in order to compute
the mapping between the apparent albedo and the pit depth. In
particular, we use a hexagonal box filter that covers a Voronoi
region of each pit. Integrating over this region yields the average
value or the effective albedo of the pit and its surrounding area. We
obtain the absolute value by comparing this value to the calibra-
tion white albedo target captured in the same image. We show a
sample calibration target and the corresponding processed image
with applied filter in Fig. 2. Once the average apparent albedos for
each pit depth are measured it is straightforward to convert this
function to an inverse mapping. As we might not have the

Relation betueen hole depths and albedo

albedo [%]
A

depth [nnl

Fig. 2. Adrilled calibration pattern in a wood sample and the fitted cells (above). A
measurement-based estimate of average apparent albedo for wood (green) and a
3D printing polymer (red) as a function of pit depth (below). (For interpretation of
the references to color in this figure legend, the reader is referred to the web
version of this article.)

measurements for all necessary pit depths, we approximate the
intermediate values with linear interpolation (see Fig. 2). We also
ensure that the function is monotonically decreasing with the
increasing pit depth. Thus, we obtain a function that relates an
average apparent albedo to the pit depth.

4.2. Tone mapping

Once we have computed the inverse mapping for a given material,
we can easily simulate what a surface corresponding to a given image
is going to look like without even fabricating a real surface. This is
extremely useful as it is much easier and faster to run this simulation.

However, before we simulate the appearance of the surface we
need to tone-map the desired input image to the available range
of a given substrate material. For example, in the case of wood the
available dynamic range is from 0.25 to 0.50. Thus, the range is
limited both on the bright and the dark end. One simple method
to deal with this limited range is to remap input images (their
minimum and maximum used value) to the whole usable range of
the material. However, it is also useful to employ more advanced
tone-mapping operators for this task. In particular, we use the
operator proposed by Mantiuk et al. [22].

5. Pit distribution

The densest packing for circular elements in the plane is the
hexagonal grid. However, it turns out because of the very small
resolution of the pitted image, it is almost always better to place the
pits in an irregular fashion. We explain the rational of our placement
process and how it significantly improves over an earlier version
presented in the conference version of this work [21].

5.1. Desirables

There are two important considerations for the placement of
the pits:

1. Image error, i.e. the distance between the image model for the
pitted surface and the true image.

2. Distribution regularity, i.e. a distraction from the image con-
tent by apparent regularities or irregularities in the pit
distribution.

In an earlier algorithm [21] we had successfully reduced the image
error relative the hexagonal grid by placing the pit centers away
from sharp corners in the image. While this was the rationale of the
algorithm, it simply minimized the image error in a discrete and
iterative fashion. This lead to regular pit placement inside homo-
geneous image regions and irregularities around image discontinu-
ities. From the perspective of minimizing the image error this makes
perfect sense. However, many observers told us they found the
apparent differences in modeling different regions in the image
quite distracting. This effect can be similarly found in dithering,
where the goal is always to avoid any discernible patterns. We
provide a new algorithm for our problem here. This algorithm tries
to balance between the desired properties mentioned above.

5.2. Basic distribution strategy

Given a surface area, and the desired number of pits to placed,
we wish to place the pits such that their image model is close to the
desired image and the placement is irregular. It has been shown by
Balzer et al. [1] that Voronoi diagrams with equal area sites are well
suited for the task of avoiding regularities while still providing a
good distribution. They model the requirement of equal area in a
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discrete way (i.e. by assigning the same number of discrete elements
to each site) and then minimize other energy functions.

In general, however, the equal area constraint can be modeled
also in a continuous fashion [23]. We use power cells and make
the following observation: by making the radius of a cell larger, its
area grows (and vice versa). Exploiting the mechanism allows one
to essentially prescribe the areas of the cells for any point
distribution (possibly at the expense of disconnecting cells).

We generally follow the idea of computing a centroidal
distribution with equal areas. However, our algorithm does this
optimization in a continuous fashion, by updating the position
and radii of the pits concurrently. We use a different power
weight? for each pit. Let wp, be the power weight for cell p, then
we measure the distance to a point x from the cell center p. as

dp(x) = Ip—XI>—w2. 2)

Our goal is to assign the same area to each pit cell, while moving
each pit center into the centroid of its cell. This is known to
generate well balanced distributions. A result of our algorithm for
this strategy can be found in the first row of Fig. 5.

5.3. Improving pit center placement

Of course, our assumption is that each cell has a constant color.
This means that the image reproduction depends on the place-
ment of the pit centers. If all pit centers are placed on a piece of
constant image function, the reproduction is good. If a pit center
lies on a sharp corner, this corner is lost because of the constant
color in the corresponding cell. Consequently, it is desirable to
locate pit centers away from sharp image corners (as often done
in other image processing applications, e.g. mosaic edges [24]).
More precisely, we need to model the error associated with
different locations for the pit centers and find an (almost) equal
area distribution of the pits such that the pit centers are located
away from high error locations.

One could compute the error associated with a cell by
considering the squared sum of differences of associated image
values. We approximate this function a priori by considering the
constant radius r. For each pixel, we compute the desired average
tone value from all pixels within r. For this we first simply count
the number of pixel in radius r around (x,y) and denote this
number as n, (x,y). Then the average image value is

Z(s—x)z +(t-y)? <r? Its,t)

AXy) = ) , 3
and this leads to the error as
1/2
S s 4ty < 2 ARY)—1(5,0))?
Exy) = < (s=X)> +(t y)n:(r; » ] 4)

This discrete map is computed at the beginning of the computa-
tion and then stored. Fig. 4 shows the E for a few images used in
the analysis section. We extend the discrete images to the
continuous domain for value pairs (x,y) by bilinear interpolation.

We want to get a good pit distribution while trying to
minimize E(x,y) for all pit centers. We do this in the following
Lloyd-inspired algorithm: in each cell, compute a weighted cen-
troid, and the weights aim at avoiding high-error locations. We
have chosen to compute the centroid as an approximation to
.]['exp(—)J:‘z(x.y)) dx dy, where the coordinates are weighted by the
error function E(x,y). The parameter A is user chosen. Setting A to
zero allows computing an image independent distribution. As 4

2 This weight is also called radius in the literature, however, we avoid this
term because of the potential confusion with the pit radius.

gets larger, pit centers are more and more located away from
areas with large error.

For the approximation of the integral, we first compute the
centroid of the vertices of the cell. We use the location of the
centroid to decompose the cell into triangles. For each triangle,
again, the centroid is computed. These triangle-centroids are
weighted by triangle area and the terms exp(—ZE(x,y)), where
(x,y) is the location of the centroid.

5.4. Lloyd-type algorithm

Lloyd’s algorithm [25] computes centroidal Voronoi distribu-
tions by repeatedly moving each center to the centroid of its cell.
Our algorithm does the same in directions of x and y, except for
computing the centroid as explained above (see the details in the
pseudo-code further below).

The radius wy, € R of each cell is updated in a similar fashion to
move towards an equal-area distribution. We make the update
linear in the difference between desired area of the cell and the
actual area, i.e. quadratic in the difference relative to the weight of
the power cell: w, =w, + dAf,, where the sign depends on the sign
of dA,. We have found that larger movements are hard to control
and often hinder convergence.

The following pseudo-code summarizes the move of each pit
center. We note that we have implemented the power diagram as
a three-dimensional Voronoi diagram, intersecting the cells
against the x—y plane. For the clarity of the pseudo-code, we
are not exposing this implementation detail here and rather
describe the optimization in terms of a power diagram.

MOVE (pit cell p, parameter 1)

1. Translate the centroid of vertex coordinates to (0, 0)

2. p.=A=W=0

3. for each vertex coordinate (x;,y;) in the power cell of p
4. @ = FXYit1—Xi+1Y1)

5. €= 3((XY)+ Xt 1.Yi1 1)

6. w; = exp(—AE(cy))

7. P = P+ wiaic(i)

8. Ap=Ap+a;

9. Q=0+ w;a;

10. Pc= pc/Q
11.  dAp, =1/(image area)—A,
12.  if (dAp >0)

13. wp =w,—dA>
14. else
15. Wp =Wy +dA>

Note that it would always be possible to make all areas equal
while holding the positions in the (x,y) plane constant as a post
process. However, since the pit centers are not affected, it is not
necessary to do so. We have found that the algorithm converges
in areas and positions for the standard weighting (4 = 0), while
the areas are not converging to an equal size for weights larger
zero. Nevertheless, we find the distributions to be very useful for
our purpose.

This algorithm moves very quickly towards distributions that
are useful in practice. Our unoptimized implementation runs on
the order of 100 s for the 10,000 points on a standard laptop
computer. This is significantly faster than the older version of this
algorithm, which was on the order of several minutes to hours
[21], and is negligible compared to the time for generating the
physical artifact.
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6. Results

In this section, we first describe how to simulate the surface
without actually fabricating it. This helps for comparing and
analyzing the distribution of pits. Next we discuss the surface
fabrication process. Then we present the examples of fabricated
surfaces. Finally we discuss several limitations of the method.

6.1. Surface prediction

Our pitted surfaces either use hexagonal grids or the optimized
placement just described. For a first approximation of the result
we created a plug-in for the PBRT raytracer from Pharr and
Humphrey [26]. While this allows simulating the pit effects fairly
well it is relatively difficult to capture the exact characteristics of
the material we used and other artifacts from the drilling process
within the raytracer framework. Furthermore, simulating pits
correctly with proper shading, internal reflections inside the pits,
and subsurface scattering is extremely expensive computationally
and more measurements of the surface properties would be
necessary.

Therefore, we resort to an image-based rendering approach.
This approach proves to be extremely simple but it predicts the
appearance of the output images very well. Thus, we compute a
mapping, where for each apparent albedo value, we also store a
small sprite corresponding to the surface patch including a pit
and its surrounding area. Thus, in order to assemble the whole
simulated image we simply composite sprites corresponding to
the appropriate albedo values.

Fig. 3. Comparison of the uniform hexagonal tessellation (left) and the irregular
placement (right) from our previous algorithm. While the error towards the input
image is reduced (bottom row) note the regular and irregular pattern in the result.

6.2. Comparison of pit distributions

The final self-occlusion surface is described as a set of pit
centers p. computed as explained in Section 5. We have com-
pared the regular (hexagonal) pit distribution to the irregular
distribution on several examples based on our earlier approach. It
is obvious that the piecewise constant reproduction severely
suffers from undersampling (e.g. see also Fig. 3).

In the following we compare several pit distributions for the
algorithm described before with varying /.

6.3. Fabrication of surfaces

We have experimented with fabricating the surfaces using two
different methods: by drilling holes using a CNC machine and by
using a 3D printer. In order to manufacture pitted surfaces by
drilling we have used a MicroMill 2000 by MicroProto Systems. This
is an inexpensive desktop Computer Numerical Control milling
machine with three axes of motion. The maximum surface size that
can be manufactured is 225 mm x 146 mm. Moreover, the machine
is repeatable up to 0.01 mm—this is certainly enough for our task.
We use a desktop PC running Mach3 control software to execute
GCode (RS274D) [27]—a standard command language for CNC
machine tools. On our machine a typical image of about 10,000 pits
resolution takes roughly 5-7 h depending on the hole depths. Our
milled examples have sizes of about 130 mm x 130 mm. It would be
straightforward to produce larger surfaces with more pits and even
faster when using a commercial milling machine.

We experimented mostly with wood as it is inexpensive and
moderately well suited for milling being not particularly strong
but on the other hand not demanding on machine strength and
cooling efficiency. Obviously, wood is a suboptimal choice for
reproducing a good dynamic range but it has a nice look and feel
as a physical material. We could imagine that other materials
with higher albedo would allow significant improvements of the
dynamic range.

We also experimented with rapid prototyping methods as
3D printing. For this task, we have used the OBJET Connex 350
3D printer. The maximum working range for this printer is
350 mm x 350 mm. Furthermore, the printer offers excellent pre-
cision (e.g., the resolution in x, y, and z direction is 30 pum). All our
printed samples are more than 100 mm in length and width. We
have used the holes with diameter of 1.2 mm and the thickness of
the walls is 0.3 mm. Since the material used by this printer is
quite translucent we have decided to air-brush all samples with a
thin layer of uniform white diffuse paint. In Fig. 6 we show how
this surface behaves under different viewing conditions.

One could also manufacture surfaces and objects using injec-
tion molding methods. These methods could deliver at least an

Fig. 4. The images show the function E(x,y) for two different radii, illustrated by the pits on the top of the images.
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Fig. 6. The photographs of the surface depicting Ghandi fabricated using a 3D printer. The image is clearly visible from different viewpoints.

order of magnitude higher resolution compared to the methods
we have used. The only downside is the high cost of manufactur-
ing the molds, which is typically amortized by mass-producing
many copies.

250000000000 0o
PO 0000000000
A O B N N N N

6.4. Limitations

Our method has a few limitations. One of the major limitations
is the limited contrast. One can improve the working range
by using materials  with large .albedo valueos. The a"era,ge Fig. 7. One of major limitations of our method is subsurface scattering. Materials
albedo value of the wood we use is around 50%. We can easily with large subsurface scattering will have poor contrast when using holes with
obtain surfaces with higher albedo (90% or higher) such as small diameter.
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Fig. 8. An image of stone pebbles (left) and the results drilled in wood (center) and 3D printed using an optimized irregular drill pattern (right).

alumina oxide. The second way of improving contrast is to
use holes with very thin walls—decreasing the relative surface
area corresponding walls will improve the overall contrast.
However, having surface with very thin walls might cause
material damage.

Another important limitation is subsurface scattering (see
Fig. 7). In the case of materials with large subsurface scattering,
the contrast can decrease. This is because light is scattering inside
of the material and can leak through the walls. The solution to
this problem is using materials with low subsurface scattering or
using large holes, for which subsurface scattering has smaller
effect. Finally, the contrast of the pitted surface decreases when
looking at the surface from oblique angles.

7. Conclusions and future work

This paper proposes a solution to embed arbitrary images in a
material with a uniform albedo. We exploit shading due to self-
occlusion to design, simulate, and fabricate surfaces that induce
desired images. We use a data-driven measurement setup in
order to correctly predict the effect of self-occlusion caused by
cylindrical pits embedded in a surface. We explore both regular
and irregular pit distribution on a surface in order to approximate
a given image. We show a number of different simulated surfaces
and also corresponding surfaces fabricated with a CNC milling
machine and a 3D printer (see Fig. 8 and earlier examples). We
believe that this method provides designers, artists, hobbyist with
a powerful tool to create and fabricate custom surfaces. Moreover,
the method can be used to add images to objects or surfaces that
are mass-produced using injection molding.

We believe that there are many possible avenues for future work.
First, we would like to explore pits with different diameter (as
opposed to fixed diameter pits) and pits with more general cross-
sections. This would allow us to increase the dynamic range (as the
wall area is fixed, the ratio of the pit area to the total area is
increasing with larger diameter). Pits with different cross-sections
could improve image reproduction quality. Another direction is to
modify arbitrary 3D models (instead of planar surfaces) in order to
enrich them with arbitrary grayscale textures. Finally, we believe it
is possible to add color to the process by using a multi-layer
materials, where each layer has a different color.
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