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Fig. 1. We introduce the Medial Skeletal Diagram – a representation with a sparse skeleton that generalizes the medial axis. Our representation
reduces the number of discrete elements (𝑁𝑑 ) required compared to both standard and simplified medial axes ((b) and (d)), using only 76 elements compared
to their 40,808 and 690, respectively. This reduction is achieved while delivering the highest reconstruction accuracy (c). The sparsity of discrete elements and
the completeness of our method facilitate a broad range of applications, such as shape generation, mesh decomposition, and shape optimization (e). In terms
of continuous parameters (𝑁𝑐 ), our method uses 117,082 scalars, whereas the medial axis and coverage axis use 56,960 and 1,016 scalars. Experimentally, even
a 4.8× increase in the number of scalars for the medial axis (2.3× our method) – undesirably resulting in an approximate proportional increase in the number
of discrete elements to 201,323 – still yields an average reconstruction error that is 9× higher than that of our method.

We propose the Medial Skeletal Diagram, a novel skeletal representation that

tackles the prevailing issues around skeleton sparsity and reconstruction

accuracy in existing skeletal representations. Our approach augments the

continuous elements in the medial axis representation to effectively shift

the complexity away from the discrete elements. To that end, we introduce
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generalized enveloping primitives, an enhancement over the standard prim-

itives in the medial axis, which ensure efficient coverage of intricate local

features of the input shape and substantially reduce the number of discrete

elements required. Moreover, we present a computational framework for

constructing a medial skeletal diagram from an arbitrary closed manifold

mesh. Our optimization pipeline ensures that the resulting medial skeletal

diagram comprehensively covers the input shape with the fewest primitives.

Additionally, each optimized primitive undergoes a post-refinement process

to guarantee an accurate match with the source mesh in both geometry and

tessellation. We validate our approach on a comprehensive benchmark of

100 shapes, demonstrating the sparsity of the discrete elements and superior

reconstruction accuracy across a variety of cases. Finally, we exemplify the

versatility of our representation in downstream applications such as shape

generation, mesh decomposition, shape optimization, mesh alignment, mesh

compression, and user-interactive design.
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1 Introduction
Geometric shape representations are fundamental to diverse areas of

computer graphics and geometric modeling. Among them, the shape

skeleton stands out as a powerful and intuitive tool for understand-

ing and manipulating shapes, with a broad range of applications

including 3D reconstruction [Tang et al. 2019], shape segmenta-

tion [Lin et al. 2020], character animation [Baran and Popović 2007],

and shape correspondence [Wong et al. 2012]. As a prominent ex-

ample among skeletal representations, the medial axis [Blum 1967]

is ubiquitous in shape approximation, simplification, and analysis

tasks. Its approximative counterpart, medial axis transform (MAT),

comprises a discrete simplicial complex (termed medial mesh) and a

continuous radius function defined on each vertex of the complex.

Consequently, MAT enjoys many advantages including capture of

components and protrusions, and preservation of homotopy [Lieu-

tier 2003].

Nonetheless, like most existing skeletal representations, the me-

dial axis representation encounters an inevitable trade-off between

sparsity in the skeletal structure and completeness in the reconstruc-

tion. The skeletal structure should ideally be as simple and sparse as

possible to allow for easy interpretation and modification. However,

it is equally important to retain sufficient complexity to faithfully

reconstruct all geometric details and features. Balancing such con-

flicting requirements poses a significant challenge. The excessive

complexity hinders the application of medial axis to shape genera-

tion and interactive shape editing, which require a sparser skeleton

but a complete representation. Numerous research efforts have been

dedicated to simplifying the discrete part of the skeletal representa-

tion to enhance its manageability and visual cleanliness [Dou et al.

2022; Li et al. 2015; Lin et al. 2021; Tagliasacchi et al. 2016]. However,

despite these advancements, the simplified skeleton is still bounded

by excessively many elements with compromised reconstruction

accuracy, resulting in degraded quality of the skeleton and a loss of

geometric detail.

To conquer these limitations, we present a novel skeletal repre-

sentation that significantly reduces the number of discrete elements

while preserving the completeness characteristic of the medial axis.

Our method stems from the insight that the complexity of the medial

axis skeleton can be decimated by an augmented representation of

the continuous elements. Our representation shifts the burden from

the number of discrete elements to the number of continuous param-

eters, achieving a significant reduction in discrete elements at the

cost of increasing the number of continuous parameters. Discrete el-

ements are often challenging to optimize due to their combinatorial

nature, which results in severe computational bottlenecks. In con-

trast, continuous elements can be formulated and solved efficiently

using off-the-shelf optimization frameworks.

Our versatile skeletal representation, named the medial skeletal
diagram (MSD), extends the medial axis using generalized envelop-
ing primitives. Compared with the uniform, linearly interpolated

primitives used in the medial axis, our generalized enveloping prim-

itives are non-uniform and nonlinearly interpolated. For example,

the medial axis assumes consistent and uniform radii, whereas in

our medial skeletal diagram, each medial sphere has varying radii

along different directions. Such generalized primitives can effec-

tively cover complex local regions, which in turn reduces the num-

ber of primitives required to represent a given shape. As a result,

the medial skeletal diagram can represent arbitrary closed manifold

surfaces, with the raw medial axis being a special case.

To construct a medial skeletal diagram for an arbitrary input, we

start by building a forward procedure. This procedure takes a subset

of points from the raw medial axis as its input and produces an

MSD as its output. Utilizing restricted Voronoi diagrams (RVD) and
restricted Delaunay triangulation (RDT), we determine the discrete

skeletal structure based on the input set of points, which effectively

“remesh” the medial axis. Following this, generalized enveloping

primitives are generated at each element of the discrete skeletal

structure to align with the input mesh. With this established pro-

cedure, transforming a subset of medial axis points into a medial

skeletal diagram, we then introduce an optimization pipeline. This

pipeline is designed to identify the optimal subset of points, en-

suring that the resulting medial skeletal diagram covers the input

shape with the fewest necessary primitives. In the final stage, the

optimized primitives undergo a refinement phase, aimed at achiev-

ing precise alignment with the target mesh in both its geometric

form and tessellation.

The contributions of this paper are summarized as follows:

• We propose a novel 3D shape representation (in Sec. 4) that ex-

tends the medial axis approach using generalized enveloping

primitives, enabling both sparse skeletal structures and accu-

rate representation for arbitrary closed manifold surfaces.

• We introduce a computational pipeline to construct the me-

dial skeletal diagram from any given shape (in Sec. 5). Our

pipeline finds the best MSD which maximizes the coverage

of the input shape with a minimal number of primitives. A

subsequent refinement process precisely aligns optimized

primitives with the target mesh, both in terms of geometry

and tessellation.

• We validate the medial skeletal diagram on a benchmark of

100 shapes to demonstrate the sparsity of the skeleton and the

completeness of the representation (in Sec. 6). Furthermore,

we showcase the versatility and advantages of our represen-

tation in the context of shape optimization, shape generation,

mesh decomposition, mesh alignment, mesh compression,

and user-interactive design.

2 Related Work
Medial axis transformation. MAT represents a 3D shape using

thin-centered structures and is able to jointly describe shape topol-

ogy and geometry. The rich history of MAT starts from early algo-

rithms that employ seam tracing techniques to calculate the exact

MAT for polyhedra [Culver et al. 2004; Milenkovic 1993; Sherbrooke
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et al. 1996]. These exact algorithms primarily concentrate on simple

shapes with up to 20 faces. A significant amount of subsequent

research has shifted towards approximated MAT, which is more

suitable for practical applications [Amenta et al. 2001b; Chazal and

Lieutier 2005; Dey and Zhao 2004; Miklos et al. 2010; Pizer et al. 2003;

Saha et al. 2016; Sobiecki et al. 2014]. For a more comprehensive

discussion, we refer the reader to survey papers by Pizer et al. [2003]

and Tagliasacchi et al. [2016].

Curve skeletonization. One type of shape representation relevant

to our work is curve skeletons, which have been widely studied

in rigging and interactive shape modeling [Borosán et al. 2012].

Traditional approaches compute curve skeletons following hand-

crafted rules that encode geometric information. For instance, Ma

et al. [2003] extract skeletons using radial basis functions. Sharf

et al. [2007] apply deformable model evolution to capture the vol-

umetric shape of an object for curve skeleton approximation. Au

et al. [2008] compute the curve skeleton via mesh extraction. Livesu

et al. [2012] use visual hulls to reconstruct curve skeletons. Mean

curvature skeletonization [Tagliasacchi et al. 2012] creates curve

skeletons by deploying mean curvature flow on the shape. Reeb

graphs [Tierny et al. 2008] are also considered curve skeletons,

which are constructed by tracing the isocontours of a given height

function and contracting connected components into a single point.

However, they are often suboptimal as skeleton junctions can be

very close to the surface. Recently, Bærentzen and Rotenberg [2021]

and Bærentzen et al. [2023] treat 3D shapes as spatially embedded

graphs and compute curve skeletons using local operators. In shape

modeling, Bærentzen et al. [2014] use polar-annular mesh to obtain

a co-representation of both the mesh and the curve skeleton. Pandey

et al. [2022] obtain a curve skeleton from a sequence of face-loop

modeling operations on a quad mesh. Although curve skeletons

are well-suited for representing organic, articulated shapes, they

often suffer from capturing large thin flat components, which are

prevalent in CADmodels. Our representation incorporates triangles

and effectively captures large, flat regions with fewer elements.

Medial axis Simplification. The medial axis representation is com-

plete but sensitive to boundary noise. This has led to a large body

of research on its simplification while preserving significant and

stable parts. Angle-based filtering methods [Amenta et al. 2001a;

Dey and Zhao 2002; Foskey et al. 2003; Sud et al. 2005] consider

the angle in MAT during simplification but struggle to maintain

the original topology. 𝜆-medial axis methods [Chaussard et al. 2011;

Chazal and Lieutier 2005] use the radius of the closest medial sphere

as a pruning criterion but have limitations in feature preservation

at different scales [Attali et al. 2009]. The Scale Axis Transform

(SAT) [Miklos et al. 2010] effectively prunes spikes by identifying

unstable medial axis points. However, SAT has high computational

costs and risks topology disruption by introducing new topological

structures at large scales. Delta Medial Axis [Marie et al. 2016] and

Bending Potential Ratio pruning [Shen et al. 2011] primarily focus

on MAT simplification but cannot precisely reconstruct the original

shape. Q-MAT [Li et al. 2015] collapses edges of MAT based solely

on local information, which may lead to a suboptimal spatial distri-

bution of medial vertices. Voxel Cores [Yan et al. 2018] approximate

the medial axis of any smooth shape while guaranteeing correct

topology but require fine voxel resolutions and high computational

cost to achieve high geometric accuracy. Erosion Thickness [Yan

et al. 2016] computes the simplified medial axis by introducing a

burning process over the medial axis but is unable to reconstruct

the original shape exactly. Coverage Axis [Dou et al. 2022] aims to

encompass all mesh surface points while minimizing the number

of internal medial spheres. MATFP [Wang et al. 2022a] computes

MAT using a restricted power diagram while ensuring the preserva-

tion of both external mesh surface features and internal medial axis

features. Both Coverage Axis and MATFP serve as competitive base-

lines for comparison in our experiments. Another line of research

on point cloud data skeletonization includes methods like 𝑙1-medial

skeleton [Huang et al. 2013], LSMAT [Rebain et al. 2019], and meso-

skeleton based approaches [Tagliasacchi et al. 2012; Wu et al. 2015].

However, these methods often lack topological constraints or ex-

hibit large errors. Recently, deep learning has been used for skeleton

construction including P2MAT-NET [Yang et al. 2020], Deep me-

dial fields [Rebain et al. 2021], and Point2Skeleton [Lin et al. 2021].

They do not guarantee accurate geometric features and suffer from

generalization issues due to training data dependency. Compared

to these medial axis simplification methods, our approach outputs

a sparser skeleton and employs a global optimization process to

obtain the skeleton as opposed to a suboptimal heuristic search.

These improvements allow our approach to efficiently generate

higher-quality skeletons for various applications.

Shape Decomposition. The generalized enveloping primitives in

our method share similarities with several variants proposed in

the field of shape decomposition [Simari and Singh 2005; Wei et al.

2022; Zhou et al. 2015]. Examples of such methods include the use

of generalized cylinders [Zhou et al. 2015] and ellipsoidal surface

regions [Simari and Singh 2005], both involving the use of prede-

fined primitives. Our method has a distinct primary objective from

shape decomposition as we aim to extract a sparse and meaning-

ful skeleton. By contrast, most shape decomposition methods do

not yield a skeleton directly based on the decomposed domains.

Although some of these methods, including generalized cylinder

decomposition [Zhou et al. 2015], can produce a curve skeleton,

they share the typical limitations of other curve skeleton techniques

and do not attain the level of sparsity that our approach offers.

3 Preliminaries

3.1 Medial Axis and Medial Mesh
Consider a closed, oriented shape S in R3

. The medial axisM is

defined as the set of centers of maximal spheres inscribed within S.
Each sphere is tangent to at least

two points on the boundary of S
and does not contain any other

boundary points in its interior.

The MAT comprises bothM and

the radius function associated

with each sphere center [Li et al.

2015].

Typically, MAT is approximated

using a 2D simplicial complex known as the medial mesh [Li et al.

2015; Sun et al. 2015]. The medial mesh is a triangle mesh that
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includes three types of basic elements: medial vertex, denoted by

v; medial edge, a line segment connecting two medial vertices, de-

noted by e; andmedial face, the convex combination of three medial

vertices, defined by f . Each of these three elements corresponds to

an enveloping primitive in R3
: 1) medial sphere which is a uniform

sphere centered at the corresponding medial vertex; 2) medial cone,
which is the linear interpolation of two spheres connected by a

medial edge; and 3) medial slab, the convex hull of three spheres

connected by a medial triangle face. See the inset figure for an

illustration.

3.2 Restricted Voronoi Diagram and Delaunay
Triangulation

Given a finite set of points V = {v𝑘 } ⊂ R𝑛 , the Voronoi cell of a point
v𝑘 comprises all points in R𝑛 whose distance to v𝑘 is no greater

than their distance to any other point in V. It can be defined as

Vor(v𝑘 ,V) =
{
x ∈ R𝑛, | |v𝑘 − x| | ≤ | |v𝑙 − x| |,∀𝑙 ≠ 𝑘

}
.

The Voronoi diagram is the collection of all Voronoi cells. The De-
launay triangulation is the complex with a dual structure to the

Voronoi diagram. Each 𝑑-dimensional Voronoi element is dual to

an (𝑛−𝑑)-dimensional Delaunay element, which is defined as the

convex hull of points in V whose Voronoi cells have the considered

Voronoi element on their boundary. For instance, when 𝑛 = 3, a De-

launay vertex corresponds to a Voronoi volumetric cell, a Delaunay

edge corresponds to a Voronoi surface, and vice versa.

The Voronoi diagram re-

stricted within a given domain

X ⊆ R𝑛 is called restricted
Voronoi diagram (RVD). RVD

is defined as the collection of

restricted Voronoi cells (RVC),

each of which is the intersec-

tion between the Voronoi cell

and the domain:

RVC(v𝑘 ,V) = Vor(v𝑘 ,V) ∩ X
=
{
x ∈ X, | |v𝑘 − x| | ≤ | |v𝑙 − x| |,∀𝑙 ≠ 𝑘

}
,

RVD(V,X) =
{
RVC(v,V), ∀v ∈ V,Vor(v,V) ≠ ∅

}
.

(1)

Likewise, the restricted Delaunay triangulation (RVT) is the dual

of the restricted Voronoi diagram, with the constraint that all its

elements lie within the domain X.

4 Medial Skeletal Diagram Representation
In this section, we present how our proposedmedial skeletal diagram

represents 3D shapes (closed, oriented 2D manifolds). We leverage

the medial axis to capture the topological and geometric information

of 3D shapes but greatly improve the sparsity of the skeleton while

maintaining its accuracy. Our fundamental insight is that while the

convex nature of medial enveloping primitives offers advantages

such as simplicity and rapid proximity query, it restricts the ability

to accurately represent intricate local regions, especially those with

high-curvature sharp features. This issue is depicted in Fig. 2, where

it is clear that a substantial number of medial spheres are needed to

encompass all vertices in sharp local regions, resulting in a complex

Fig. 2. Generalized enveloping primitives in 2D. An illustration of em-
ploying our generalized enveloping primitives (right) for representing a 2D
region. Compared to the standard medial primitives (left), our represen-
tation exhibits enhanced the sparsity of the skeleton when dealing with
intricate and high-curvature geometries.

and unwieldy medial axis. Furthermore, a majority of these spheres

intersect with only a few vertices of the target mesh, often merely

covering two vertices, which leads to considerable inefficiency. This

problem is exacerbated by the fact that the medial axis becomes

overly complicated and noisy even for shapes with simple topologies.

An intuitive solution to these issues is to increase the complexity

of the primitives associated with each skeleton element by making

them more general, rather than restricting them to simple spheres.

However, using arbitrarily general primitives can be problematic, as

it may lead to a poorly defined skeleton. For example, as shown in

Fig. 3, by simply dividing the original shape into generic subregions,

there is a risk that the skeleton could potentially lie outside of the

input shape. Therefore, a careful design of such general primitives is

needed. To this end, we introduce generalized enveloping primitives
for medial spheres, cones, and slabs. These new primitives have

been crafted to cover complex local regions effectively with fewer

units, thus facilitating the creation of a simpler skeleton.

4.1 Generalized Enveloping Primitives
We begin by outlining the formulation of generalized enveloping

primitives. The basic idea is to replace the uniform, linearly inter-

polated primitives in the original medial axis with non-uniform,

nonlinearly interpolated ones.

The generalized enveloping primitive is defined for all three types

of medial mesh elements: v, e, and f . For convenience, we define
𝑃 := cvx({𝑣𝑘 }𝐾𝑘=1

) ∈ {v, e, f}, where cvx(·) denotes the convex hull,
𝐾 ∈ {1, 2, 3} corresponds to the three types of medial mesh elements,

respectively. We leverage the concept of 𝜖-neighborhood [Lee 2012;

Munkres 2018] to define our generalized enveloping primitive. The

𝜖-neighborhood of 𝑃 , denoted by 𝑃𝜖 , is defined as 𝑃𝜖 :=
{
𝑦 ∈

R3

��| |𝑦 − 𝑥 | |2 < 𝜖 (𝑥) for some 𝑥 ∈ 𝑃
}
. We consider the unit normal

vector for each point 𝑦 on the boundary 𝜕𝑃𝜖 of 𝑃𝜖 . We associate a

set of directional vectors for each point 𝑝 ∈ 𝑃 , denoted as

𝑑𝑝 (𝑃) :=
{
| |𝑛 | |2 = 1

��𝑔(𝑦, 𝑛) = 𝑝,∀(𝑦, 𝑛) ∈ 𝑁𝜕𝑃𝜖 }, (2)

where 𝑁𝜕𝑃𝜖 = {(𝑦, 𝑛) |𝑦 ∈ 𝜕𝑃𝜖 , 𝑛 ∈ 𝑁𝑝 𝜕𝑃𝜖 } denotes the unit normal
bundle of 𝜕𝑃𝜖 and𝑔 : 𝑁𝜕𝑃𝜖 ↦→ 𝑃 is a surjectivemapping between the
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Fig. 3. Naive primitives – created by simply dividing the original
shape into generic subregions – can result in an invalid skeleton. For
illustration purpose, we selected a sparse set of points for naive primitives
using the Coverage Axis [Dou et al. 2022]. The corresponding skeletons are
not always contained within the primitive, and thus may not reside within
the shape, as indicated by the red circles. While increasing the number of
sampled points could create more subregions and enhance the likelihood of
the skeleton being inside the mesh, these naive primitives do not guarantee
that the skeleton is within the mesh. In contrast, our method ensures this
containment.

normal bundle and the points in 𝑃 . Appendix B provides a detailed

analysis of the well-definedness of this surjection. We denote the

set of all directional vectors of 𝑃 as

𝑑 (𝑃) =
{
𝑑𝑝 (𝑃) |∀𝑝 ∈ 𝑃

}
.

Fig. 4 shows 𝜕𝑃𝜖 and 𝑑 (𝑃) for all three types of medial mesh

elements. In the case of a medial vertex, all the vectors in the set

𝑑𝑝 (𝑃) belong to 2-sphere 𝑆2
. For a medial edge, the set of associated

vectors 𝑑𝑝 (𝑃) for any interior point 𝑝 forms a 1-sphere 𝑆1
. Mean-

while, at either endpoint of the edge, 𝑑𝑝 (𝑃) forms a 2-hemisphere.

For a medial triangle, the set 𝑑𝑝 (𝑃) exhibits different characteristics
for interior and boundary points. For each point located in the inte-

rior of the medial triangle, 𝑑𝑝 (𝑃) consists of the normal vector of

the triangle plane and its negative. For points in the interior of the

three edges of the medial triangle, 𝑑𝑝 (𝑃) comprises 1-hemisphere.

For each of the three vertices at the corners of the medial triangle

corners, 𝑑𝑝 (𝑃) consists of a sphere wedge, whose angle is equal to
the external angle of the triangle at the respective corner.

By leveraging the directional vectors 𝑑𝑝 (𝑃), we have definition
of a generalized enveloping primitive as follows:

Definition 4.1 (Generalized enveloping primitive). Given a medial

mesh element 𝑃 = cvx({𝑣𝑘 }𝐾𝑘=1
) and a smooth radius function

𝑟 (·) : 𝑑 (𝑃) ↦→ R+, the generalized enveloping primitive is defined by

an implicit function as

E𝑃 (𝑥) = | |𝑥 − 𝑝𝑥 | |2 − 𝑟 (𝑑𝑝𝑥 ), 𝑑𝑝𝑥 = (𝑥 − 𝑝𝑥 )/| |𝑥 − 𝑝𝑥 | |2, (3)

where 𝑝𝑥 = cp(𝑥 ; 𝑃) is the point in 𝑃 which is closest to 𝑥 ∈ R3
.

One can observe that if 𝑟 (·) ≡ 𝜖 , then the zero set of E𝑃 (𝑥) is 𝜕𝑃𝜖 .
Fig. 2 and 5 illustrate the generalized enveloping primitives repre-

senting local regions of a 2D and a 3D shape, respectively. Compared

to the ones used in the standard medial mesh, our generalized en-

veloping primitives can cover a diverse range of local regions using

fewer primitives.

It is crucial to highlight that our generalized enveloping primitive

formulation encompasses the standard enveloping primitives used

Fig. 4. 𝜖-neighborhoods and corresponding normal bundles. Visual-
ization of the boundary of 𝑃𝜖 for three medial mesh element types and the
directional vectors 𝑑 (𝑃 ) (only at selected points for clarity).

in the medial axis as a special case, where the radius function 𝑟 (·)
is uniform and linearly interpolated (Fig. 6). More specifically, for a

medial sphere,

𝑟 (𝑑) ≡ 𝑟, ∀𝑑 ∈ 𝑑 (𝑃).

For a medial cone (𝐾 = 2) or a medial slab (𝐾 = 3) with radii {𝑟𝑘 }𝐾𝑘=1

at its corners, for each point 𝑝 ∈ 𝑃 ,

𝑟 (𝑑) ≡
𝐾∑︁
𝑘=1

𝑤𝑘 (𝑝)𝑟𝑘 , ∀𝑑 ∈ 𝑑𝑝 (𝑃),

where𝑤𝑘 (𝑝) is the barycentric coordinates of 𝑝 on the medial ele-

ment (edge or triangle).

In contrast to arbitrarily general primitives (as shown in Fig. 3),

by utilizing the normal bundle of the 𝜖-neighborhood to define

the generalized enveloping primitive, our method ensures that the

skeleton elements are contained within the primitives. Therefore,

the skeleton does not extend outside the input shape or intersect

inappropriately with it.

4.2 Medial Skeletal Diagram
Our medial skeletal diagram (MSD) is constructed as a non-manifold

triangular meshwith amuch-reduced number of elements compared

to the medial axis. Each element of this mesh is equipped with a

generalized enveloping primitive. Formally,

Definition 4.2 (Medial skeletal diagram). Amedial skeletal diagram
D is a non-manifold triangulated meshM𝑆 = (V, E, F) equipping
with a generalized enveloping primitive E𝑃 for each element 𝑃 ∈
V ∪ E ∪ F. D represents a 3D shape

ˆS by
ˆS =

⋃
𝑃 E𝑃 .

Medial skeletal diagram provides a sparse skeleton of 3D shapes

while maintaining the ability to accurately capture complex local re-

gions and sharp features. As demonstrated in Fig. 5, under the same

accuracy, the traditional medial axis requires 1,056 medial spheres

and 2,449 medial slabs to represent the whole shape, resulting in

a complex skeleton. By contrast, our method can efficiently and

accurately cover the whole hand shape with 11 generalized medial

spheres, 5 generalized medial cones, and 4 generalized medial slabs.
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Fig. 5. Medial skeletal diagram on Hand example. An illustration of
employing our representation for a 3D hand shape. Compared to the medial
axis, our medial skeletal diagram has a sparser skeleton while maintaining
the ability to accurately capture the detailed geometry. Our medial skeletal
diagram offers a complete representation for 3D shapes.

Furthermore, our medial skeletal diagram provides a complete repre-
sentation for 3D shapes, incorporating the standard medial axis as a

special case. It is capable of representing arbitrary 3D shapes (closed,

oriented 2D manifolds, akin to the medial axis requirements). Ad-

ditionally, it pledges a more versatile representation compared to

the standard approach. Under a worst-case scenario concerning the

number of primitives needed, our method is not worse than the stan-

dard medial axis representation. This is because the upper limit of

primitives necessary to fit the mesh in our model equals that in the

medial axis, a correlation depicted in Fig. 6. In such instances, while

the primitive remains simple, there is a trade-off in the form of an

amplified skeletal complexity. Conversely, our diagram can encapsu-

late the entity with a single vertex for shapes representable through

a solitary spherical function, such as the star domain demonstrated

in Fig. 6. With the aforementioned advantages, our generalized

enveloping primitives offer several benefits:

• Provide a substantially simpler skeleton compared to conven-

tional medial primitives, as demonstrated in Sec. 6.1. This

sparse skeletal structure is advantageous in various applica-

tions, as highlighted in Sec. 6.2.

• Incorporate a well-researched implicit function formulation,

making them suitable for a range of tasks such as shape opti-

mization [Chen et al. 2007], as further detailed in Sec. 6.2.1.

• Compress easily, thereby reducing the storage. In Sec. 6.2.5,

we showcase a simple strategy to compress our primitives.

5 Medial Skeletal Diagram Computation
To produce our medial skeletal diagram D for a given closed man-

ifold triangular mesh S = (𝑉S, 𝐸S, 𝐹S), we begin with a target

shape and its medial axis. Using an arbitrary set of points from the

raw medial axis, we deterministically create the medial skeleton as

detailed in Sec. 5.1. Subsequently, we fit our generalized enveloping

primitives to each vertex, edge, and triangle of the skeleton to match

the target shape, as discussed in Sec. 5.2. The collective union of

these primitives defines the final shape. This process forms an auto-

mated workflow to compute an MSD from any selection of vertices

on the input medial axis.

Fig. 6. Generalization of our MSD. Our MSD spans a broad range of
the skeleton representation spectrum. At one extreme lies the medial axis
representation, characterized by simple primitives but intricate skeletons.
At the opposite end, we have star-shaped regions that encompass just one
complex primitive. The complexity of the MSD skeleton can be modulated
by adjusting the fitting capability of each primitive.

Additionally, we introduce an efficient optimization pipeline to

compute an optimalMSD. It aims tominimize the count of primitives

while capturing the input shape in detail, including both geometry

and tessellation. Utilizing the aforementioned procedure, we employ

a gradient-free optimizer to determine a vertex set ensuring that

the skeleton is simple and the resultant 3D shape aligns with the

input shape, as explained in Sec. 5.3. After optimization, the fitted

primitives are refined through a feature-preserving refinement pro-

cess considering both geometry and tessellation to achieve a precise

match with the target mesh, as described in Sec. 5.4.

5.1 Medial Skeleton Construction
The idea behind constructing the medial skeletonM𝑆 of a medial

skeletal diagramD is to perform a “remeshing” of the medial axis by

selecting a subset of vertices on the medial axis as constraints. We

presume the input medial axis is high-quality and densely sampled.

Meanwhile, by limiting the number of constrained vertices, we can

maintain a sparse number of discrete elements inM𝑆 .

There are primarily two ways for conducting vertex-constrained

remeshing on the non-manifold rawmedial mesh: 1) usingmesh sim-

plification operations, including vertex removal, edge collapse, and

triangle collapse, while maintaining topology preservation through

link conditions [Dey et al. 1999]; or 2) constructing a Voronoi dia-

gram restricted to the raw medial mesh and using its dual, restricted

Delaunay triangulation (RDT), for remeshing. Although mesh sim-

plification operations can provide a strict guarantee of topology

preservation, the remeshing result is affected by the order in which

these operations are conducted [Liang et al. 2020]. Consequently,

the resulting simplified skeleton from mesh simplification cannot

be reduced to a significantly small required number.

Conversely, the RDT method is order-independent but requires

additional conditions to satisfy homotopy [Amenta and Bern 1998;

Edelsbrunner and Shah 1994; Yan et al. 2009]. In our framework,

we opt for the RDT approach, because the number of constrained

vertices required to constructM𝑆 is remarkably smaller than that in

the raw medial axis. This means that a significant number of order-

dependent operations would be required if the mesh simplification

methods were used.

More specifically, given the target mesh S and its raw medial

meshM, the algorithm ofM𝑆 construction takes a set of points

on the medial mesh as inputs, namely, V ⊂ M. These vertices can
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Fig. 7. Illustration of RVC and its modification. The initial RVC
(bounded by dash lines) may contain more than one connected compo-
nent (CC) of the medial meshM. We assign each separate unassigned CC
(white regions in the middle figure) to the nearest neighboring CC.

either be manually selected or obtained from the global optimization

described in Sec. 5.3. The restricted Voronoi diagram RVD(V,M) is
then constructed following Eq. (1). We split any element inM that

intersects with a Voronoi face into two parts at the intersection and

insert necessary vertices or edges to maintain it as a triangle mesh.

Each vertex v corresponds to a restricted Voronoi cell RVC(v,V).
Note that the RVC(v,V) might have more than one connected com-

ponent (CC) ofM. Similar to [Xin et al. 2022], we modify each RVC

to contain only one CC for the use of the following Delaunay trian-

gulation. Specifically, we first perform a breadth-first search (BFS)

rooted at v onM within each RVC(v,V). We then assign the CC

expanded by BFS to v. For those CCs not assigned to any vertices,

i.e., they do not contain any vertex from the input set, we assign

them to their nearest neighboring CC based on the distance between

the RVC site and the center of the CC. Fig. 7 shows an example of

the RVC modification. Since the raw medial mesh has only one CC

for a closed shape, this assignment ensures that every element of

M has an associated v and that each modified RVC is a single CC.

Then, the medial skeleton is obtained by RDT, which is dual to the

RVD. Each v∈V corresponds to a volumetric cell, i.e., the modified

RVC. Each e∈E connects two v if their corresponding modified

RVCs share a common face ofM. Each f∈F joins the vertices whose
corresponding RVCs share a common edge ofM. We triangulate

the polygonal surfaces of f to ensure F only consists of triangle faces.
Note that RDT can yield volumetric objects when several RVC cells

share a common vertex ofM. To address this, we adopt the thinning

process described in [Wang et al. 2022a] to convert all tetrahedra in

the RDT into two-dimensional sheets, thereby ensuringM𝑆 does

not contain any solid components.

While the standard RDT approach successfully constructs the

M𝑆 for most shapes, there are two additional considerations needed,

particularly for shapes of non-zero genus (example shown in Fig. 8):

1) neighboring RVCs can share more than one isolated interface

(bold dash lines in Fig. 8); and 2) elements of theM𝑆 might intersect

with the target mesh S, resulting in parts of the element being

located outside the mesh.

To handle both situations, we first revise the edges ofM𝑆 and

then update the associated RDT triangles. To address 1), we perform

a BFS to identify all shared elements ofM𝑆 between every pair of

neighboring RVCs, allowing us to locate their isolated interfaces.

For each interface, we add a piecewise linear curve toM𝑆 in S that

originates from and terminates at the two vertices corresponding to

Fig. 8. Revising RDT for a torus. The initial RVCs for two vertices of the
torus exhibit two interfaces (bold dash lines), and the edge connecting these
vertices intersects with the mesh (top right). We add additional vertices at
each interface and compute the constrained shortest path (bottom left). The
revised RDT (bottom right) remains entirely within the mesh and effectively
captures the topology of the shape.

the RVCs and passes through this interface. For situation 2), if an

edge intersects with S, we iteratively subdivide the edge until the

tessellated edge is in S. For each newly added point, we project it to

the shortest path between these two endpoints onM. Upon revising

all the edges, we proceed to update the triangles incorporating any

edges that have been revised in the previous two steps. Due to the

addition of the edges, the triangles change to polygons. Therefore,

we then perform triangulation of them. This approach effectively

avoids triangle intersections with the target mesh for all the samples

we tested in the paper. As an alternative, subdividing intersecting

triangles and deforming them to fit inside the mesh could be ex-

plored in future work. Note that performing this revision results in

a final medial element set for the medial skeletal diagram that may

contain more vertices than the initial input set V. We denote the

final constructed medial skeleton asM𝑆 = (V̂, Ê, F̂), where V ⊆ V̂.

5.2 Local Primitive Fitting
Primitive fitting involves discretizing the generalized enveloping

primitive E𝑃 in the space of the directions 𝑑 (𝑃) for a given me-

dial element 𝑃 . This is achieved by the discretization of the 𝜖-

neighborhood boundary 𝜕𝑃𝜖 , which provides a spatial tessellation

for E𝑃 . A piecewise linear triangulated surface, denoted as T𝜕𝑃𝜖 =

(𝑉𝜖 , 𝐸𝜖 , 𝐹𝜖 ), is used to discretize 𝜕𝑃𝜖 . For meshes scaled to the unit

cube, we set 𝜖 = 0.1. This leads to the spatial discretization of direc-

tional vectors 𝑑 (𝑃) aligning with the vertex normal vectors of T𝜕𝑃𝜖 .
We denote these unit discretized directional vectors as d ∈ R |𝑉𝜖 |×3

.

The discretized generalized enveloping primitive, denoted as

TE𝑃 = (𝑉T , 𝐸T , 𝐹T ), is a triangle mesh derived by equipping T𝜕𝑃𝜖
with a discretized radius function r ∈ R |𝑉𝜖 |+ . Each vertex of TE𝑃 can

only move along the direction d𝑖 , with distance indicated by 𝑟𝑖 . Here,
𝐸T = 𝐸𝜖 , 𝐹T = 𝐹𝜖 , and 𝑉T = {𝑣𝑖 + 𝑟𝑖d𝑖 ,∀𝑣𝑖 ∈ 𝑉𝜖 }. Corresponding
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Fig. 9. Discretized generalized enveloping primitives. We use triangle
meshes to represent the discretized primitives. The directional vectors 𝑑 (𝑃 )
become vertex normals (the blue vectors) in the discrete cases.

to the continuous case as in Def. 4.1, we use E(𝑥 ;TE𝑃 ) to denote

the implicit function of TE𝑃 for any point 𝑥 ∈ R3
.

To be more specific, for the three types of medial elements, when

we have a medial vertex v, T𝜕𝑃𝜖 is represented by an isotropically

meshed unit sphere centered at v with radius 𝜖 . By modifying r,
each vertex of TE𝑃 moves along the direction extending from the

sphere center to the vertex itself. For a medial edge e, we represent
T𝜕𝑃𝜖 using two components: a uniformly meshed cylindrical wall

and two end cap hemispheres. For a medial triangle f , T𝜕𝑃𝜖 consists

of three parts: two triangle planes, three half-cylindrical walls, and

three spherical wedges. Fig. 9 illustrates the discretized mesh TE𝑃
and the discretized directional vectors d for three cases. In general,

the resolution of the primitive meshes is set such that it matches the

input mesh resolution. For the generalized enveloping primitives of

the medial vertices, we use a mesh with 1,588 vertices. For medial

edges and triangles, the mesh resolution is determined by the size of

the element. On average, the primitive mesh for an edge has 4,037

vertices and the mesh for a triangle has 1,360 vertices.

The goal of fitting primitive TE𝑃 to the target mesh S is to find an

optimal r∗ such that r∗ is smooth across TE𝑃 and matches the local

region of S. The smoothness prevents the occurrence of excessively

large radii along certain directions, guaranteeing the locality of the

primitives. We define the following energy optimization problem:

r∗ = arg min

r∈R|V|+

𝐸
smooth

(r) +𝑤𝐸expansion (r)

s.t. r − rmax ≤ 0,
(4)

where the energies are defined as

𝐸
smooth

(r) = r⊺Lr, 𝐸expansion (r) = | |r − rtgt | |2
2
. (5)

In the optimization problem, 𝐸
smooth

penalizes non-smoothness

of the radii across TE𝑃 . We choose L to be the graph Laplacianmatrix

of the initial TE𝑃 . rtgt
determines how much the primitives grow.

𝐸expansion aims to expand TE𝑃 and increase the radii r to a larger

target value rtgt
, while the constraint prevents the penetration of

TE𝑃 into the target mesh S. rmax ∈ R |𝑉 |+ is the maximal expansion

radii of all directions. This is precomputed bymeasuring the distance

from 𝑣𝑖 to the first intersection point between the target mesh S and

the ray that originates at 𝑣𝑖 with directional vector d𝑖 . In Fig. 10, we

show how weight𝑤 balances the trade-off between the expansion

and the mitigation of exceedingly long radii. In our implementation,

we choose𝑤 = 10 consistently for all the examples.

Eq. (4) is a quadratic programming problem that can be solved

using standard techniques, such as the interior point method. To

Fig. 10. Effect of 𝑤 in local primitive fitting. The weight 𝑤 balances the
trade-off between expansion and smoothness. An overly large 𝑤 can induce
excessively long radii, especially in tubular shapes, while a notably small
𝑤 may over-smooth the primitive, failing to capture necessary geometry
details (bottom row). As a result, a more smoothed primitive requires more
skeleton elements, and vice versa (top row). We choose 𝑤 = 10 in our
implementation.

improve performance, we employ an alternating optimization ap-

proach inspired by [Bouaziz et al. 2014] instead of a Newton-type

solver. For each iteration, we first identify the index setZ which

includes all directions having a radius larger than rmax

𝑖
. Then, we

optimize the following modified objective:

r̃(𝑡 ) = arg min

r
𝐸

smooth
(r) +𝑤𝐸expansion (r) +

∑︁
𝑖∈Z

Δ(𝑡 ) (𝑟𝑖 ), (6)

Δ(𝑡 ) (𝑟𝑖 ) = 𝑤̂ | |𝑟𝑖 − 𝑟max

𝑖 | |2
2
, (7)

where 𝑤̂ is a constant (𝑤̂ = 10
4
) for the contact constraints. We exe-

cute up to 15 iterations; however, our solver typically converges in

fewer than 5 iterations, with an average fitting time of 0.08 seconds

per primitive. Compared to Newton-type optimization methods, the

objective is quadratic and can be minimized with a single linear

solver, thereby speeding up the optimization process. This fast op-

timization is achievable thanks to the definition of our primitives,

where the deformation is restricted to the direction d. Compared to

allowing arbitrary deformations, our approach reduces the DOFs for

r by a factor of three, thereby simplifying penetration constraints.

Moreover, the positive r keeps the skeleton inside the primitive.

In our implementation, the initial radii of enveloping elements

are computed based on the closest distance from the shape to their

centers. To increase the robustness of primitive expansion, we pro-

gressively increase rtgt
by 10% of the initial radius for each ray

direction and solve Eq. (4) at each progression. rtgt
is increased 25

times in our experiments.

5.3 Global Optimization
In the previous sections, we discussed how the construction of the

medial skeletal diagramD for a given target mesh is determined by

the input set of candidate points on the given medial meshM. We
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Fig. 11. Effect of each energy term. (a) Without any regularization, the
skeleton vertices are unevenly distributed along the input medial axis. (b)
Incorporating 𝐸

centrality
addresses this issue. (c) Furthermore, introducing

𝐸count reduces the vertex count (from 9 vertices to 8 vertices), leading to a
simpler skeleton.

denote these candidate points by V and the resulting medial skele-

tal diagram by D(V) = (M𝑆 (V), {TE𝑃 }𝑃∈M𝑆 (V) ). The problem

remains to find an optimal V∗. While existing methods such as Dou

et al. [2022], which simplifies a medial axis, might intuitively be

adapted to our medial skeletal diagram representation for obtaining

optimal candidate points, they face several limitations: Dou et al.

[2022] only considers sphere primitives when formulating the linear

programming optimization, which is inadequate for cylinders and

slabs. As the authors note [Dou et al. 2022], there is an intrinsic

trade-off between the number of sphere primitives used and the

reconstruction error, which is governed by the dilated radius of

each sphere. In our representation, however, every primitive type

contributes to the reconstruction of the original shape. Therefore,

there is a need for an optimization algorithm that not only considers

all primitives but also strives to find a minimal set of primitives

necessary for an accurate reconstruction. We present a global opti-

mization scheme that aims to obtain such optimalD(V∗) The global
optimization is formulated as follows:

V∗ = arg min

V⊂M
𝐸coverage (D(V))+𝑐1𝐸centrality

(V)+𝑐2𝐸count (V), (8)

where each energy term is defined as,

𝐸coverage (D(V)) =
∑︁
𝑣∈𝑉S

{
−𝐴(𝑣) if ∃𝑃 ∈ M𝑆 (V), s.t. E(𝑣 ;TE𝑃 ) < 𝛿
0 o.w.

,

𝐸
centrality

(V) =
∑︁
v∈V
| |v − 𝑐 (RVC(v,V)) | |2

2
,

𝐸count (V) = | |V| − |V̂| |.
Here, 𝐴(𝑣) represents the normalized vertex area of 𝑣 with respect

to the total surface area of S, 𝑃 ∈ V̂ ∪ Ê ∪ F̂ is the primitive, and

𝑐 (·) denotes the centroid of the restricted Voronoi cell.

The objective in Eq. (8) consists of three energy terms. 𝐸coverage (·)
measures the target mesh coverage of D. This energy is calculated

by enumerating all the vertices of the target mesh S; if a vertex 𝑣 is
located within a small distance 𝛿 (𝛿 = 10

−4
) from any fitted primi-

tive, it is then considered to be covered by D, and its vertex area

contributes negatively to the energy value. 𝐸
centrality

(·) enforces
the uniformity in the distribution of RVCs within the space. This is

inspired by Lloyd’s algorithm for Voronoi relaxation [Lloyd 1982],

which aims to achieve uniformly sized Voronoi cells by iteratively

moving each input point toward the center of its corresponding

Voronoi cell. In our context, we strive for a uniformly distributed me-

dial skeletal diagram by penalizing the distance between the input

selected point and the corresponding RVC centroid. 𝐸count (·) im-

poses a penalty for the additional vertices introduced during the con-

struction of the medial skeletal diagram to minimize the complexity

of the resulting structure. In Fig. 11, we show that each term plays an

important role in regularization. Given the non-differentiability of

the objective, we use the Nelder-Mead (NM) algorithm [Richardson

and Kuester 1973], a gradient-free optimization method, to optimize

Eq. (8) and find the optimal set V∗.

Algorithm 1: Compute Energy

Input: medial axisM, target shape S, and set of points V̄
Output: energy value 𝐸

V← V̄ closest-distance projection ontoM
Construct the medial skeletonM𝑆 (V) (Sec. 5.1)
Fit primitives {TE𝑃 }𝑃∈M𝑆 (V) to S (Sec. 5.2)

𝐸 ← 𝐸coverage (D(V)) + 𝑐1𝐸centrality
(V) + 𝑐2𝐸count (V)

return 𝐸

To initialize the optimization, we begin with a predefined number

of initial candidate points V(0) selected from the medial axisM.

The selection is performed by maximizing the shortest path distance

on theM between each pair of points. Then, we use NM simplex

algorithm to optimize objective (8) evaluated by Alg. 1. Since the

NM simplex algorithm cannot guarantee any trial points are on

M, we project the input set of points V̄ ontoM at the beginning

of each iteration as shown in Alg. 1. The iteration proceeds until

1) the objective (8) no longer decreases for a consecutive of five

iterations; 2) the primitives fully cover the target mesh; or 3) the

maximal number of iterations is reached.

To speed up the optimization, we incrementally optimize V∗. We

configure the initial set V(0) to be small, which can be as few as one

vertex (|V(0) | = 1). We then optimize Eq. (8) for 𝑡 iterations, yielding

the result Ṽ(𝑡 ) . For every 𝑡 iteration, we check if there are individual
regions remaining uncovered. If that is the case, we add a candidate

vertex at the volume center for the first 𝑛 largest regions. The newly

added vertices V(𝑡 )
new

combined with the existing candidate vertices

form the final candidate set V(𝑡+1) = [Ṽ(𝑡 ) ;V(𝑡 )
new
]. The iteration

proceeds until the stopping criteria are met. We only optimize V(𝑡 )
new

while freezing the optimized Ṽ(𝑡 ) for performance consideration.

In our implementation, we set 𝑐1 = 1 and 𝑐2 = 10
−3

consistently for

all the examples. Fig. 12 shows the intermediate results and energy

convergence curves for three examples.

5.4 Feature-Preserving Refinement
Our optimization pipeline produces a medial skeletal diagram with

maximal coverage of the target mesh. As we discretize the general-

ized enveloping primitives to a triangle mesh, however, despite the

radii of primitive mesh vertices might align with the target mesh,

the triangle faces of the primitive mesh could still significantly de-

viate from the target mesh due to the differences in tessellations of

the primitive mesh and the target mesh. To address this, we propose
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Fig. 12. Intermediate results and energy convergence curves of the global optimization. The global optimization is framed to obtain an optimal medial
skeletal diagram that strives to maximize target mesh coverage while minimizing the number of primitives used. A gradient-free optimization method is
carried out to efficiently optimize the energies. During the optimization, we incrementally add new points to each isolated uncovered volume and fit primitives
(shown in the orange color). The geometric details such as dragon horns, tails, and claws are successfully captured, as highlighted by the rectangles. Note that
energy spikes are encountered due to the introduction of new trial points by the NM optimizer, as it does not ensure a consistent decrease in energy.

a robustness refinement process that allows our representation to

“exactly” match the target mesh in terms of geometry and “almost

exactly” mirror its tessellation. By “almost exactly,” we indicate that

the tessellation of the target mesh is entirely encompassed within

the refined primitive. Moreover, our refinement method produces

post-refinement primitives with consistency, which satisfy the defini-
tion of generalized enveloping primitive, retaining the advantages of

these primitives as discussed in Sec. 4.1. Guaranteeing consistency

filters out many trivial refinement methods; e.g., simply dilating the

primitive and boolean-intersecting with the target mesh may vio-

late the consistency, as the resulting primitive may exhibit multiple

radius values along one direction for a profoundly concave shape.

The core strategy is to refine each fitted generalized enveloping

primitive mesh so that both its radius function and tessellation in

the regions that are close to the target mesh are precisely matched

with the target mesh. To achieve both consistency and robustness,

our refinement process consists of four steps, as shown in Fig 13.

For each fitted generalized enveloping primitive TE𝑃 , 1) we initially
identify the sub-surface of the target mesh that resides within a

𝛿 distance to TE𝑃 and project its tessellation onto TE𝑃 . This step
ensures that the tessellation of the sub-surface, including vertices,

edges, and triangles, is fully encompassed within TE𝑃 . 2) We then

remove redundant edges that do not contribute to any geometric

and tessellation features of the target mesh. 3) Next, we update the

vertices positions of TE𝑃 such that the geometry of the sub-surface

exactly aligns with the target mesh. Because the primitive mesh

encompasses the tessellation of the target mesh, updating the vertex

position makes the primitive mesh match the target mesh exactly in

the selected sub-surface. 4) We finally carry out a mesh clean-up by

removing small edges and triangles without affecting the matched

geometry and tessellation. We implement the above four steps using

exact rational arithmetic to ensure the robustness of our process.

For more detailed information on the implementation, we direct

readers to consult the supplementary materials. In Fig. 14, we show

three example primitives undergoing the refinement process. One

benefit of our post-refinement is that it aligns the tessellation of each

primitive with the corresponding local region of the input surface

mesh. Even when using primitives with a dense meshing resolution

during the local primitive fitting stage, the resolution of the post-

refined primitives is determined solely by the resolution of the input

mesh. This allows for the use of densely meshed primitives in the

local fitting stage to capture intricate geometric details of the input
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mesh while ensuring that the resolution of the final reconstructed

mesh closely matches that of the input mesh, avoiding unnecessary

complicated continuous parameters in MSD.

6 Experiments
Our experiments are run on a desktop with an AMD Ryzen 9 5950X

16-core CPU and 64GB RAM. We use GMP, MPFR, and CGAL for

low-level arithmetic and geometric kernels. To demonstrate the

effectiveness and robustness of our method, we evaluate our algo-

rithm on 100 closed manifold triangle meshes. They are sourced

from V-HACD dataset [Mamou et al. 2016], AIM@Shape Reposi-

tory [Cohen-Steiner and Morvan 2003], and the McGill 3D shape

benchmark [Fang et al. 2008]. The size of all shapes is normalized

to the [0, 1] range. For all shapes in our benchmark, we apply the

same set of parameters to the local fitting (mentioned in Sec. 5.2),

For the global optimization, we set the initial number of candidate

vertices |V0 | = 10. After the first 50 iterations, we add either three

new vertices or five new vertices every 30 iterations (𝑛 = 3 or 𝑛 = 5),

depending on which one gives the better result. The coefficient for

each energy term is mentioned in Sec. 5.3. All the experimental re-

sults are conducted using a consistent parameter setting. We choose

to use the simplified medial axis obtained from [Dou et al. 2022] as

the initial start of medial skeletal diagram construction to strike a

balance between computational speed and skeleton accuracy. Note

that our approach is not strictly tied to this choice, but can readily

accommodate other variants of medial axis representations as in-

puts. Statistics of the computational cost required to construct our

representation are shown in Fig. 15 and Table 1.

Baselines. We include six baselines: (1) MAT [Amenta and Bern

1998], the raw medial axis transformation; (2) MATFP [Wang et al.

2022a], a state-of-the-art technique for computing the MAT while

preserving features; (3) LS Skeleton [Bærentzen and Rotenberg

2021], a curve skeletonization approach grounded in local sepa-

rators; (4) Coverage Axis (CA) [Dou et al. 2022], a shape skeletoniza-

tion method that simplifies from MAT; (5) Point2Skeleton (P2S) [Lin

et al. 2021], a deep learning-based method for constructing medial

meshes from point clouds; (6) CoACD (ACD) [Wei et al. 2022], a

state-of-the-art method for convex decomposition.

Metrics. Following [Dou et al. 2022; Lin et al. 2021; Wang et al.

2022a], we use the two-sided average vertex-to-surface distance

error, denoted as 𝜖 , to evaluate the surface reconstruction accuracy

using medial meshes. 𝜖1
is the one-sided average vertex-to-surface

distance from the original surface to the reconstructed surface and

Table 1. Average Timing for global optimization and refinement.

P
e
r
I
t
e
r
.

Projection 0.006s

MSD Construction 4.12s

Primitive Fitting 4.64s

Energy Evaluation 2.71s

Total Global Opt. 11.57s

Total Global Opt. #iter. 51

Refinement 10.78s

𝜖2
is the distance in the reverse direction. We also report the number

of medial elements, including the vertices #𝑣 , edges #𝑒 , and trian-

gles #𝑓 , to compare the sparsity of discrete elements in different

representations. To offer a more complete overview, we detail the

number of continuous parameters (#c) associated with different

representations. For baseline methods, we report #c as the total

degree of freedom of medial spheres. It is computed by the multi-

plication of the number of medial vertices in the skeleton by four,

as each medial vertex is equipped with a radius (one scalar) and

a 3D position (three scalars). For our method, we report the total

number of directional vectors for all primitives plus the number of

medial vertices multiplied by three (each vertex has a 3D position).

To ensure a fair comparison of reconstruction error, in the case of

MAT, we increase the target mesh resolution without changing its

geometry to obtain a skeleton that has a comparable magnitude of

#c to that of our method. For MATFP, LS, CA, and P2S, following

their original papers, we reconstruct the mesh from the skeleton

using medial spheres, cones, and slabs. In the case of ACD, where

there is no reconstruction involved, we only report the number of

decomposed domains (represented by #𝑣) and #𝑒 for every pair of

adjacent domains. The number of unique edges #𝑒 of MATFP and

the number of faces #𝑓 of LS Skeleton are omitted from the table as

these counts are zero across all shapes. We consider an edge unique

if it is not a triangle edge in MATFP. Since LS only produces curve

skeletons, it does not contain any triangles.

6.1 Comparisons and Discussions
The quantitative comparisons between our method and the base-

lines, conducted on the 100 meshes, are presented in Table 2. Our

method uses the fewest skeletal elements and achieves the lowest

two-sided mean distance error relative to all other methods exam-

ined. Despite the increased number of continuous parameters in

our representation, as detailed in subsequent sections (Sec. 6.2.1

and 6.2.5), this does not introduce complications but rather aids

in finding a better solution. Our mean reconstruction error is 10%

of MATFP and 7.8% of MAT, the two methods yielding the least

reconstruction error among all baselines. While MATFP employs

91.0% fewer continuous parameters with reconstruction errors that

are 10 times greater compared to our method, increasing the num-

ber of MATFP’s continuous parameters to roughly match those of

our method–by densely sampling the input mesh–only reduces its

reconstruction errors by 60%. which is still 6 times higher than that

of our approach. On the other hand, despite that MAT uses more

continuous parameters, it fails to seamlessly align with the target

mesh given a finite number of medial primitives.

The simplicity of our representation’s discrete parameters en-

hances the computational speed of shape reconstruction. To high-

light this advantage, we compared the shape reconstruction running

time of our representation with those of MATFP. We choose SDF

with a 256-resolution voxel grid and marching cubes to perform

shape reconstruction in both methods, because unioning primitives

on SDF for MATFP is much faster than on meshes. For MATFP,

the SDF value of each voxel is determined by calculating the min-

imal distance to all medial vertices and subtracting the radius of

the corresponding medial sphere. For ours, we calculate the SDF
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Fig. 13. The procedure of our feature-preserving refinement. The process consists of four steps. In the first step, we refine the primitive mesh such that it
contains the tessellation of the target mesh (step 1). Next, we remove redundant edges in each triangle surface patch and produce a triangulated primitive
mesh (step 2). Then, the vertex positions are updated based on their primitive type (step 3). Finally, we clean up the small triangles and edges as much as
possible while preserving the target mesh tessellation (step 4). Here for 2D illustration, we omit step 3 and refer the readers to Fig. 14 for a 3D example.

Fig. 14. Results of our feature-preserving refinement on primitive meshes of all three types. In the first row, we show the step-by-step intermediate
results obtained during the process of refining a medial vertex primitive mesh. The primitive mesh undergoes refinement aligning with the target mesh in
terms of both geometry and tessellation. The second row offers additional examples featuring the refinement process for the medial edge primitive mesh and
medial triangle primitive mesh.

Fig. 15. Statistics of the computational cost for constructing medial
skeletal diagram from an input shape, including a histogram of overall
running time across the 100 shape benchmark and the complexity of input
mesh v.s. running time. The computational time is principally influenced
by the input mesh size (impacting feature-preserving refinement) and the
shape complexity (impacting global optimization).

value by querying the minimal value among all closest distances to

all primitive meshes for each voxel. We conduct this comparison

using six shapes selected from the benchmarking dataset of 100

shapes, specifically choosing those with the highest numbers of

primitives in our representation. The results show that the aver-

age reconstruction speed of our method is 2.4× faster MATFP (our

method: 17.5s vs. MATFP: 41.1s). Moreover, our method achieved

40% fewer reconstruction errors (our method: 6.9× 10
−4

vs. MATFP:

1.1 × 10
−3
).

To demonstrate the effectiveness of our feature-preserving refine-

ment, we also measure the two-sided mean distance error of the

fitting-only results. Among 100 shapes, our fitting-only reconstruc-

tion reports 0.22 error, 7× larger than the error after the refinement

post-processing. Nonetheless, it is still smaller than the errors of

all existing methods. Furthermore, we also measure the two-sided

Hausdorff distance between the input shape and the reconstructed

shape. Our representation reports 1.81 on average over 100 shapes,

lower than the mean distance error of both LS and P2S. Moreover,

ours is also lower than the two-sided Hausdorff distance of both CA

and MATFP, which are 3.64 and 2.22, respectively.
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Table 2. Quantitative comparisons on the number of discrete and con-
tinuous parameters in the representation and shape reconstruction
error on the benchmark of 100 shapes.We count the number of vertices
(#𝑣), the number of edges (#𝑒), the number of triangles (#𝑓 ), and the sum
of them (#d) for discrete elements. In addition, we provide the number of
continuous parameters in row #c. For the reconstruction errors, 𝜖1 is the
one-sided average vertex-to-surface distance from the original surface to
the reconstructed surface, 𝜖2 is the distance in the reverse direction. 𝜖 is
the two-sided average vertex-to-surface distance error. We compare our
method with six existing methods: MAT, MATFP (MFP), CoACD (ACD), LS
Skeleton (LS), Point2Skeleton (P2S), and Coverage Axis (CA). Our medial
skeletal diagram demonstrates superior sparsity on discrete elements and
the highest reconstruction accuracy compared to other representations.

MAT MFP ACD LS P2S CA Ours

#𝑣

Min 17,955 692 3 4 100 57 3

Max 37,705 4,119 192 195 100 738 277

Avg 32,539 2,110 27 57 100 229 26

#𝑒

Min 0 – 2 3 0 0 0

Max 144 – 639 192 35 131 81

Avg 15 – 57 57 3 18 9

#𝑓

Min 31,042 1,445 – – 136 0 0

Max 82,297 10,232 – – 346 1,437 457

Avg 63,279 4,835 – – 233 385 24

#d Avg 95,833 6,945 84 114 337 632 58

#c

Min 71,820 2,768 – 16 400 228 4,594

Max 150,820 16,476 – 780 400 2,952 497,770

Avg 130,154 8,440 4,423 229 400 918 94,168

𝜖1

Min 0.06 0.044 – 0.59 0.76 0.17 0

Max 3.09 3.18 – 24.34 2.92 12.37 0.41

Avg 0.31 0.31 – 4.42 1.31 0.54 0.029

𝜖2

Min 0.11 0.029 – 0.39 1.14 0.14 0

Max 0.48 0.68 – 10.03 10.35 0.83 0.098

Avg 0.24 0.15 – 2.54 2.22 0.34 0.008

𝜖 Avg

0.40

(+129%)
0.31 –

4.43

(+1324%)

2.22

(+615%)
0.54

(+74%)

0.031
(−90%)

To investigate the number of parameters used in each medial

axis methods compared with our MSD, we measure “sparsity” of

the parameters by the compression ratio of the input mesh size

(#𝑣×3+#𝑡 ) to the number of representation parameters (#c+#d de-

fined in Table 2) and “completeness” by the reconstruction error. Our

representation strikes a trade-off between “sparsity” and “complete-

ness”. This trade-off can be visualized as a curve (Fig. 16): At one

extreme, our MSD achieves a low reconstruction error (0.031) at the

sacrifice of compression ratio (0.9). To achieve such reconstruction

accuracy, existing methods either require more DoFs or incur higher

errors with the same DoFs as ours (such as Fig. 1 (b)). Furthermore,

for MSD, when achieving a reconstruction error similar to MATFP

(0.31) our compression ratio is more efficient (6.6 vs. 1.9 for MATFP).

However, the advantage diminishes when the compression ratio

exceeds 8, where CA achieves better accuracy. This occurs because,

at high compression ratios (where both #d and #c are limited), the

reconstruction accuracy depends more on the skeleton complexity.

Since our MSD’s skeleton is relatively sparse, it results in a higher

reconstruction error under these conditions.

Fig. 16. Statistics of the compression ratio v.s. reconstruction accu-
racy. The left panel shows histograms illustrating the distribution of the
number of vertices (#vtx) and the number of triangles (#tri) across the tri-
angle meshes of the 100 shapes used in the experiments. The right panel
presents a curve illustrating the relationship between the compression ratio
and reconstruction accuracy. Our method achieves superior reconstruction
accuracy when the compression ratio is less than 8.

In addition to quantitative comparisons, we also show a set of

qualitative results on various shapes from these 100meshes in Fig. 17

and 18. Compared with other baselines, our representation produces

visually simpler skeletons and more accurate reconstruction.

Comparison with Medial Axis Transform. We compare our method

with MATFP [Wang et al. 2022a] in the context of the quality of

the reconstructed mesh. MATFP is highly regarded for its remark-

able precision and is tailored to preserve external features such

as sharp edges and corners of the input mesh surface. This algo-

rithm is essentially a superior variant of the medial axis transforms.

MATFP requires two input thresholds for controlling sharp feature

detection. We use the default parameters provided within the of-

ficial source code for all 100 shapes. Our method demonstrates a

better performance with MATFP regarding reconstruction accuracy.

This is attributed to our refinement process which exactly matches

the geometry and tessellation of the reconstructed shape from our

method with the input mesh – a feature that is notably missing in

existing medial axis representations including MATFP. What truly

distinguishes our method is its ability to achieve these results using

significantly fewer medial elements. This simplicity is largely due

to our utilization of generalized enveloping primitives. Thus, while

maintaining a high level of accuracy akin to MATFP, our method

outperforms it in terms of the skeleton simplicity, with a reduction

in the number of medial elements by two orders of magnitude.

Comparison with Simplified Skeleton-based Methods. We consider

two simplified skeleton-based methods: Coverage Axis [Dou et al.

2022] and Point2Skeleton [Lin et al. 2021]. Both methodologies are

based on a similar process that simplifies the raw medial axis to

preserve the geometric and topological features of the input mesh

surface. Coverage Axis employs Mixed Integer Linear Programming

(MILP) to minimize the count of medial vertices while ensuring

comprehensive coverage of all the input mesh surface points. We

use scaling offset, whose value is set by binary search to ensure

the number of vertices is about 400. This tactic results in superior

reconstruction accuracy when compared to other baseline meth-

ods, owing to its explicit optimization for this particular objective.
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On the other hand, Point2Skeleton adopts a data-driven strategy,

leveraging deep neural networks to predict skeletal points and their

interconnections. As it is a data-driven method, however, it does

not generalize to arbitrary input shapes. The output of a neural

network necessitates a fixed number of vertices (100 in the official

implementation), which can pose challenges when generalizing to

unseen shapes that deviate from the training dataset. Both simplified

skeleton methods rely on spheres, cones, and slabs for surface re-

construction. The primary objective of these methods is to optimize

point coverage, so inadvertently introduce errors in the surface re-

construction process. This stems from the nature of these primitives

- their geometric shapes are fixed and lack the flexibility to adapt to

arbitrary regions, which can result in an inaccurate approximation

of the original mesh surface. By contrast, our approach leverages

the mesh representation of generalized primitives and benefits from

the refinement technique. Neptune and Seahorse in Fig. 17 are two

evident examples.

Comparison with Curve Skeletons. LS Skeleton [Bærentzen and

Rotenberg 2021] is a state-of-the-art method for curve skeletoniza-

tion. Notable for its simplicity and smoothness in representing

shapes, LS Skeleton shares a common drawback with other curve

skeleton-based methods: it struggles to accurately represent large

flat regions present in the input shape. This is particularly prob-

lematic for CAD models that frequently feature such flat regions.

Screwdriver and Fan disk example in Fig. 17 provide evidence. In

this case, a noticeable advantage of our approach is its ability to

represent an entire rectangular region with a few triangles while

maintaining high reconstruction accuracy. By contrast, LS Skeleton

falls short in this regard.

Rather than explicitly reflecting detailed geometry features as

curve skeletons/MAT, our skeleton captures topological structures

while primitives effectively represent local geometry details of the

shape, as determined through global optimization.

6.2 Applications
In this section, we attempt our representation through several appli-

cations, demonstrating the simplicity of the discrete elements and

the expressiveness of the generalized enveloping primitives.

6.2.1 Shape Optimization. In the previous sections, we have shown

the remarkably sparse discrete structure of our medial skeletal di-

agram, which is a direct result of our design intention - to shift

complexity from discrete to continuous elements. In this applica-

tion, we further demonstrate that the added complexity of these

continuous elements does not impede the usability and applicabil-

ity of our representation. Conversely, it gives a better-converged

compliance across all examples compared to the medial axis repre-

sentation, i.e., each domain being a sphere, a cone, or a slab.

To substantiate this, we apply our representation to a topology-

constrained shape optimization task. This task takes an initial 3D

skeletal graph, which specifies the topology of the shape, and opti-

mizes the shape to achieve a predefined objective while maintaining

the same topological structure. We choose the objective to be compli-

ance minimization, a well-known topology optimization task. The

goal of this task is to optimize a shape that can withstand input load

with minimal compliance given the maximal allowed material usage.

Conventionally, such optimization is conducted within the space

of a voxel grid, where each voxel carries a binary value to denote

the presence of the material. Here, we re-frame the optimization

within the space of our representation. We start by taking the initial

3D skeletal graph as the discrete structure of our medial skeletal

diagram and constructing initial generalized enveloping primitives

upon this discrete structure. The optimization variables are the con-

tinuous parameters of our medial skeletal diagram, which include

the positions of the vertices and the radii of each primitive. Fig. 19

and 20 show the experimental setup.

The optimization problem is formulated as follows:

arg min

v̂,r̂
𝐸 (u, v̂, r̂) = 1

2

u⊺K(X)u,

s.t. K(X)u = f,

X𝑖 = 𝜃 (𝑥𝑖 ; v̂, r̂),∀𝑥𝑖 ∈ Ω∑︁
X𝑖 ≤ 𝑉vol

· |Ω |,
uBC = 0,

where v̂ is the concatenation of the medial vertex positions, which in

turn determines the locations of generalized enveloping primitives,

r̂ is the concatenation of the radius values r of all primitives, X𝑖 is
the density of voxel 𝑥𝑖 in the given domain Ω, K(·) is the tangent
stiffness matrix of a linear elastic material, u is the displacement of

the shape under external force f , uBC is the displacement of the grid

points on the boundary condition, and 𝑉
vol

is the desired volume

fraction of the final shape relative to the total voxel space. We refer

the readers to Chen et al. [2007] and Kumar [2023] for the definition

of K(·) and other standard aspects of the compliance minimization

problem. Note that 𝜃 (𝑥𝑖 ; v̂, r̂) bridges the continuous parameters of

our medial skeletal diagram with the voxel grid space, defined as

𝜃 (𝑥𝑖 ; v̂, r̂) = 𝐻 (𝑓 (
⋃
𝑘

−E𝑘 (𝑥𝑖 ;TE𝑃 (v̂, r̂)))).

Here, E𝑘 (·;TE𝑃 (v̂, r̂)) is the implicit function (as defined in Sec. 5.2)

of the 𝑘-th generalized enveloping primitive TE𝑃 constructed using

v̂, r̂. 𝑓 (·) refers to Rvachev disjunction function [Chen et al. 2007]

converting boolean compositions into a real-value function, where

the sign of the output value indicates the boolean value of the input

compositions: 𝑓 (𝜙𝑠 ∪ 𝜙𝑡 ) = 𝜙𝑠 + 𝜙𝑡 +
√︃
𝜙2

𝑠 + 𝜙2

𝑡 . 𝐻 (·) is Heaviside
step function. In essence, 𝜃 (𝑥𝑖 ; v̂, r̂) outputs a value of one for voxels
within the union of primitives, and zero otherwise. We solve the

optimization using gradient descent. Appendix A provides details

of the gradient calculation.

We conduct two sets of experiments using the aforementioned

formulation. The first set is to optimize shapes under the same

boundary conditions and external forces within a voxel space of

60×40×6 while maintaining topology constraints using four distinct

user-defined skeletal graphs built upon a shared set of vertices. The

input value𝑉
vol

is set to 0.2. The optimization successfully finds the

minimum in all four scenarios, with each converging to a valid solu-

tion that matches the topology of the corresponding input skeletal

graph. The optimized shapes, along with their compliance values,
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Fig. 17. Qualitative comparison of the skeletal representation and reconstructed mesh (part 1/2), involving four baseline methods and our proposed
method. We omit the visualization of medial vertices for MATFP due to their excessive quantity. Our method achieves the highest qualitative reconstruction
accuracy by using a relatively small number of discrete elements (𝑁𝑑 ), albeit at the cost of using a larger set of continuous parameters (𝑁𝑐 ).

are shown in Fig. 19. Moreover, all minimizers from our representa-

tion are lower than those using the medial axis representation, with

an average 14% lower compliance value. The second experiment

optimizes a shape within a larger voxel space 60 × 60 × 40 using a

more complex skeletal structure as input. The input value 𝑉
vol

is

set to 0.05. The optimizer also successfully yields a structure with

minimal compliance (𝐸 = 4.42), versus minimal compliance values

6.17 from the medial axis representation. The final result is shown

in Fig. 20. These experimental results demonstrate the capability of

our representation to perform shape optimization with user-defined

topology constraints, a feature that is non-trivial to incorporate

for voxel representation in a typical topology optimization setup.

Further, it also produces superior results compared to existing work

with medial axis representation [Bell et al. 2012]. In our implemen-

tation, we use |r̂𝑘 | = 8 for a medial vertex and |r̂𝑘 | = 12 for a medial

edge, which results in a total of approximately 250 DOFs in both

examples – much smaller than the total number of voxels.

6.2.2 Shape Generation. We use the cut-and-paste method em-

ployed in existing shape modeling techniques [Pandey et al. 2022]

to generate new shapes from a given set of input shapes. We first

construct the medial skeletal diagram for each shape in the input

set. We then build a corpus of sub-skeletons by cutting subgraphs

from these skeletons. To generate new shapes, we assemble these

sub-skeletons, adding edges between them to ensure the resulting

skeleton is a single connected component. New shapes are then

generated by pasting and uniting the fitted generalized enveloping

primitives from the input shapes. We use mesh boolean operations

implemented from libigl to unite the primitives [Jacobson et al. 2018].

Using this process, we generate shapes from PartNet [Mo et al. 2019]

and leverage the provided first-level part labels to perform the cut-

ting on the skeleton. Fig. 21 illustrates the generated shapes for

chairs and tables. This process of shape generation is remarkably

straightforward and efficient, yet it ensures diverse changes in topol-

ogy and geometry. In Fig. 21, we also showcase several generated
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Fig. 18. Qualitative comparison of the skeletal representation and reconstructed mesh (part 2/2), involving four baseline methods and our proposed
method. We omit the visualization of medial vertices for MATFP due to their excessive quantity. Our method achieves the highest qualitative reconstruction
accuracy by using a relatively small number of discrete elements (𝑁𝑑 ), albeit at the cost of using a larger set of continuous parameters (𝑁𝑐 ).

shapes derived from the 100 shapes benchmark. This streamlined

process is made possible by the simplicity of the skeleton combined

with the rich expressiveness of the primitives in our representa-

tion. In contrast, the medial axis representation demands a complex

graph to accurately reconstruct the surface. Consequently, executing

straightforward algorithms like the cut-and-paste method becomes

challenging and necessitates considerable manual effort.

6.2.3 Mesh Decomposition. Due to the simplicity of our skeleton

and high accuracy in reconstructing the shape, our representation

can also be used to perform domain decomposition of the shape.

Following the method from [Lin et al. 2021], we first identify the

skeleton vertices that encounter a dimensional change on the neigh-

boring elements or that are non-manifold vertices and then de-

compose the skeleton at these vertices. As shown in Fig. 22, we

can generate a meaningful and concise decomposition of the mesh,

while other methods fail to do so.

Moreover, we compare the number of elements in our repre-

sentation with the state-of-the-art domain decomposition method,

CoACD [Wei et al. 2022]. Although these two methods do not share

the same objective, a comparison can still be illuminating. Specifi-

cally, CoACD aims to decompose shapes into convex domains by

cutting meshes with 3D planes, whereas our approach works by

performing a union of all fitted primitives to represent the shape.
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Fig. 19. Results of shape optimization. We run shape optimization using
our medial skeletal diagram with a similar setup to topology optimization
(top left), but with four input skeletons as topology constraints. The opti-
mization converges fast (top right), and each optimized shape shares the
same topology as the corresponding input (bottom). Moreover, with our
representation (Final Shape), we obtained a lower converged energy in all
examples compared with the medial axis representation (MA Final Shape).

Fig. 20. The result of shape optimization with a complex topology
as constraints. Our representation is capable of optimizing shapes with
user-defined topology constraints, a feature that is non-trivial to incorporate
for voxel representation. Moreover, with our representation (middle), we
obtained a lower converged energy in this complex example compared with
the medial axis representation (right).

Fig. 23 illustrates the comparison on the Knot example. While our

method, unlike CoACD, does not ensure the convexity of each prim-

itive, it outperforms in terms of simplicity, demonstrating a reduced

number of elements compared to CoACD. The overlapping region

in our representation can be fixed by mesh boolean operations.

Fig. 21. Results of shape generation. We use a cut-and-paste method
based on our medial skeletal diagram to generate new shapes. The chairs
and tables are generated from shapes provided in Mo et al. [2019], with each
row showing outputs generated using three mesh inputs (left). The bottom
row shows five generated shapes derived from the 100 shape benchmark.

Fig. 22. Domain Decomposition.We adopt the method from [Lin et al.
2021] for domain decomposition. Due to the simplicity of our skeleton and
its precise shape reconstruction capabilities, our representation yields mean-
ingful domain decomposition results. Although the coverage axis typically
provides high-quality decomposition in many instances, it struggles to pro-
duce accurate decomposition in certain highlighted areas (white rectangles).
While Point2Skeleton excels in generating high-quality decomposition for
specific shapes, like chairs, as demonstrated in their paper [Lin et al. 2021],
it falls short with more general shapes.

6.2.4 Mesh Alignment. Using our representation, we can ease non-

rigid alignment between different shapes. To showcase its efficacy,

we select four shapes from different species within the Animal3D

dataset [Xu et al. 2023]. We then non-rigidly align the source mesh
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Fig. 23. Comparison between medial skeletal diagram and CoACD
on Knot example. The number of generalized enveloping primitives in our
representation is smaller than the domains decomposed by CoACD.

Fig. 24. Non-rigid Alignment. Using our representation, one can initially
align the medial skeletal diagrams to simplify subsequent surface non-rigid
alignment. After the skeletons are matched, the surfaces deform in line with
their corresponding skeletons, providing an initial estimate for the final
non-rigid alignment. This preliminary alignment considerably eases the
non-rigid alignment process for the surfaces, reducing the need for manual
intervention.

Fig. 25. Mesh Compression. Our MSD can be easily used for mesh com-
pression. For each primitive type, we define a canonical mesh with three
different resolutions. Primitives at high resolution can be directly down-
sampled to lower resolutions using the predefined canonical mesh, thereby
achieving mesh compression.

(highlighted in yellow) with the other three meshes (depicted in

blue), as illustrated in Fig. 24. Instead of directly aligning the source

mesh to the target, we first compute our MSD for each shape and

Fig. 26. Constructing medial skeletal diagram using our GUI. Users
can manually annotate all the skeletal elements and use our proposed local
primitive fitting to obtain each primitive.

Fig. 27. Constructing medial skeletal diagram with user-selected fea-
ture points using our GUI. Users can designate only the skeletal vertices
where our medial skeletal diagram construction pipeline automatically pro-
duces the corresponding skeleton and the reconstructed mesh.

then non-rigidly align their skeletons. Due to the simplicity of these

skeletons, alignment is more straightforward than with surface

meshes. Once the skeletons are aligned, the surface mesh is de-

formed according to the skeleton’s deformation. In our examples,

we treat the skeleton as the kinematic object, with the surface mesh

representing the surface of a tetrahedral mesh anchored to the skele-

ton. This mesh is then deformed using a physically-based simulation.

The deformed mesh serves as an initial guess for the non-rigid align-

ment of the surface meshes, reducing the manual effort needed to

select landmark pairs between the source and target meshes.

6.2.5 Mesh Compression. We also propose a simple approach to

control the number of continuous parameters associated with each

primitive, facilitating mesh compression. For each example shown in

Fig. 25, we first compute its MSD. Subsequently, mesh compression

is achieved by adjusting the mesh resolution for each primitive.

This can be achieved by isotropic remeshing [Botsch et al. 2010] or

Garland-Heckbert simplification [Garland and Heckbert 1997]. For

each primitive type, we define three canonical meshes with varying

resolutions. Specifically, for a sphere mesh, the resolutions are 411,

213, and 47; for a cylinder mesh, they are 198, 82, and 42; and for a
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prism mesh, they are 664, 314, and 120. Each calculated generalized

enveloping primitive is mapped to its corresponding canonical mesh.

As shown in Fig. 25, reducing the number of continuous parameters

still preserves the overall original shape.

6.2.6 User Interface. The sparsity of the skeleton in our medial

skeletal diagram offers users an intuitive and convenient method for

shape modeling. To demonstrate it, we implement a graphical user

interface (GUI). Within this GUI, users can create skeletal elements

and apply our proposed local primitive fitting to represent a given

input shape. As shown in Fig. 26, the user was able to manually

construct a skeleton with 13 vertices, 12 edges, and 4 triangles to rep-

resent the Drum shape. Moreover, users can manually identify and

mark necessary skeletal feature points of the shape, such as topo-

logical features, and place points for an input mesh using our GUI.

These selected points are then used as inputs for our construction

pipeline which automatically produces a high-quality skeleton and

the reconstructed mesh. An example of a double torus is illustrated

in Fig. 27.

6.3 Additional Results
We also show a gallery of additional results from the benchmark of

100 shapes in Fig. 28 and 29. These results underscore the versatility

of our method and its ability to handle a wide variety of shapes.

7 Limitations and Future Work
Topology preservation. Our current approach does not guarantee

topological preservation, which is also a limitation of the state-of-

the-art work [Wang et al. 2022a,b]. A key reason for this limitation

lies in the sparsity of our medial skeletal diagramm, which con-

tradicts the sufficient condition for maintaining homotopy, which

requires that sampled points be sufficiently dense to satisfy the

𝜖-sampling condition, as detailed in [Amenta and Bern 1998; Yan

et al. 2009]. This leads to situations where the topology of the re-

constructed 3D shape might be compromised. Additionally, while

we ensure that each individual primitive is homotopic to its corre-

sponding skeleton element, the final reconstructed shape – which

is a union of all the primitives – is not guaranteed to be homotopic

to the skeleton. Future research may delve deeper into these topo-

logical considerations, investigating potential modifications to the

current method that could ensure topological preservation, even

with the sparse skeleton of our medial skeletal diagram.

RVD computation. The computational approach for calculating the

shortest path during the construction of the medial skeletal diagram

could be optimized. While the currently used Dijkstra’s algorithm

provides a functional solution, it is not ideal for this particular

application as mentioned in [Wang et al. 2020; Xin et al. 2022]. A

theoretically more suitable approach would be to employ geodesic

Voronoi diagram (GVD). However, this presents a challenge due

to the non-manifoldness of the medial axis, the space where GVD

is computed. Future work could thus seek methods for replacing

RVD with GVD in non-manifold domains. Possible avenues for this

could include using a non-manifold Laplacian coupled with heat

diffusion [Sharp and Crane 2020] or the development or adaptation

of an exact geodesic distance calculator [Surazhsky et al. 2005].

Centrality and uniqueness. Unlike the uniform, linearly interpolated

primitives typically used in conventional medial axes, which gen-

erally align with the geometric center of a shape, our generalized

enveloping primitives are non-convex. As a result, defining central-

ity for our primitives is challenging. To ensure our approach still

captures the essence of centrality, we focus on maintaining local

centering for each primitive during optimization. This is achieved

through: 1) all vertices of themedial skeletal diagram are constrained

to lie on the raw medial axis; 2) the smoothness energy used dur-

ing local primitive fitting; and 3) 𝐸
centrality

in global optimization.

Despite these efforts, the MSD may still exhibit a loss of “global

centrality,” where the overall skeleton structure may not be centered

within the global shape. This could result in an increased number of

discrete elements in the MSD, as more primitives might be necessary

to fully cover the input mesh. Additionally, this could potentially de-

grade performance in applications such as shape alignment. Future

work could explore integrating global information, such as skinning

weights, into the MSD construction process. Moreover, while our

objective aims to achieve one optimal skeleton, it does not guarantee

the uniqueness of the global minimal solution. Future research could

focus on incorporating shape properties as constraints to enhance

the centrality and uniqueness of the optimized skeleton.

Overlaps of primitives. From the application results, one can find

that there are overlapping regions between neighboring primitives.

Since the final shape is the union of these primitives, this over-

lapping does not pose significant problems in applications such as

shape optimization and shape generation. However, we acknowl-

edge that this overlap may violate intersection-free constraints in

certain tasks, such as mesh decomposition and physical simula-

tion. Additionally, the lack of one-to-one mapping could introduce

ambiguity in shape alignment. These issues could be addressed by

post-processing methods, including collision handling, Boolean op-

erations, or multi-material meshing [Heiss-Synak et al. 2024], to

generate non-overlapping primitives.

Nonlinear skeleton. Our current medial skeletal diagram consists

solely of piecewise linear elements. Although this configuration

has demonstrated solid performance, the inclusion of higher-order

surfaces like polynomial elements [Marschner et al. 2021] could po-

tentially enhance the representation further. Higher-order surfaces

could provide more precise coverage of local regions with sparser

skeletons, contributing to both the accuracy and efficiency of our

representation.

Computational cost. Currently, the time efficiency of computing

MSD is less than ideal. Future work that incorporates data-driven

methods and graph generation may enhance computational speed,

using our current method to supply training data pairs.

8 Conclusion
In this paper, we present the medial skeletal diagram, a skeletal

representation that strives for both sparsity in the skeletal structure

and completeness in the reconstruction. Our approach significantly

reduces the number of discrete elements while preserving complete-

ness by augmenting the complexity of the continuous elements. Our

medial skeletal diagram extends the medial axis by introducing gen-

eralized enveloping primitives which effectively cover complex local
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Fig. 28. A gallery of more results of our medial skeletal diagram (part 1/2). For each sample, we show the reconstructed shape, the discrete skeleton,
and the reconstruction error map on the input mesh.

shape regions.We also present a computational pipeline to construct

the medial skeletal diagram from an input shape by employing a

local-global optimization paradigm to maximize shape coverage and

minimize the count of discrete elements. A post-refinement process

is conducted to guarantee an accurate match of our representation

with the target mesh. We demonstrated the effectiveness of our

method on a benchmark of 100 shapes and highlighted its diverse

applications in shape optimization, shape generation, mesh decom-

position, mesh alignment, mesh compression, and user-interactive

design.
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Appendix

A Shape Optimization Using Gradient Descent
We make the Heaviside step function differentiable by modifying

𝐻 (·) as

𝐻 (𝑥) =


0 𝑥 < 𝛾,

− 1

4𝛾3
𝑥3 + 3

4𝛾 𝑥 + 0.5 −𝛾 ≤ 𝑥 ≤ 𝛾,
1 𝑥 > 𝛾

, (9)

where 𝛾 is a small number. We choose 𝛾 = 0.01 as the cell size of

each voxel. The function is 𝐶1
continuous in R. Fig. 30 shows the

plot of the function 𝐻 (·).
To perform gradient descent, we first convert the inequality con-

straint into a quadratic energy term,

𝐸𝑣 (v̂, r̂) =
{
𝑤
2
(∑𝑥𝑖 𝜃 (𝑥𝑖 ;v̂,r̂)|Ω | −𝑉

vol
)2 if

∑
𝑥𝑖
𝜃 (𝑥𝑖 ;v̂,r̂)
|Ω | > 𝑉

vol
,

0 o.w.

(10)

The energy is non-zero only if the current volume exceeds the user-

defined one. Next, we differentiate the static equilibrium constraints

𝜕K(𝜃 )
𝜕𝜃

u + K(𝜃 ) 𝜕u
𝜕𝜃

= 0. (11)

The gradient of the objective w.r.t. (v̂, r̂) is

𝑑𝐸

𝑑 (v̂, r̂) =
𝜕𝐸

𝜕u
𝜕u

𝜕(v̂, r̂) +
𝜕𝐸

𝜕(v̂, r̂) (12)

=

(
−1

2

u𝑇
𝜕K(𝜃 )
𝜕𝜃

u +𝑤𝑆𝑇 (𝑆 𝜃

|Ω | −𝑉vol
)
)

𝜕𝜃

𝜕(v̂, r̂) , (13)

where 𝑆 is the summation linear operator. We apply gradient descent

to optimize the objective of shape optimization. At each gradient

descent iteration, we also perform a back-tracing line search to

guarantee a decrease in the total energy. At each line search iteration,

we first compute K from a new (v̂, r̂) and then solve the static

equilibrium to obtain u. The energy is computed as
1

2
u⊺Ku + 𝐸𝑣 .

Fig. 30. The modified function 𝐻 ( ·)

B Well-definedness of Directional Vectors in Generalized
Enveloping Primitive

Definition B.1. [Munkres 2018, 𝜖-neighborhood] Let 𝑃 be a smooth

submanifold in R3
and 𝜖 : 𝑃 ↦→ R+ be a smooth positive function.

The 𝜖-neighborhood of 𝑃 , denoted by 𝑃𝜖 , is defined as,

𝑃𝜖 :=
{
𝑦 ∈ R3

��| |𝑦 − 𝑥 | |2 < 𝜖 (𝑥) for some 𝑥 ∈ 𝑃
}
. (14)

Furthermore, the following theorem asserts the existence of a sur-

jective map between 𝑃𝜖 and 𝑃 :

Theorem B.2. [Lee 2012, Proposition of Tubular Neighborhood
Theorem] For a smooth submanifold 𝑃 in R3, there exists a smooth
positive function 𝜖 : 𝑃 ↦→ R+ such that the map 𝜋𝜖 : 𝑃𝜖 ↦→ 𝑃 , which
maps each point𝑦 ∈ 𝑃𝜖 to the closest point 𝜋𝜖 (𝑦) in 𝑃 , is a submersion.
Moreover, if 𝑃 is compact, then 𝜖 can be taken to be a constant.

Note that 𝜋𝜖 is well-defined due to the fact that 𝑃 is convex, so

for each 𝑦 ∈ 𝑃𝜖 , there is a unique closest point in 𝑃 . This theorem
ensures that for a medial mesh element 𝑃 , there exists an appropriate

constant 𝜖 to construct a smooth closed submanifold 𝑃𝜖 and establish

a surjective map 𝜋𝜖 between 𝑃
𝜖
and 𝑃 . For more details of choosing

𝜖 , we refer the readers to the proof of the theorem in [Lee 2012]. If

we consider the unit normal vector for each point𝑦 on the boundary

𝜕𝑃𝜖 of 𝑃𝜖 , we obtain a submersion 𝑔 : 𝑁𝜕𝑃𝜖 ↦→ 𝑃 ,

𝑔 = 𝜋𝜖 ◦ 𝑓 −1,

where 𝑁𝜕𝑃𝜖 = {(𝑦, 𝑛) |𝑦 ∈ 𝜕𝑃𝜖 , 𝑛 ∈ 𝑁𝑝 𝜕𝑃𝜖 } denotes the unit normal
bundle of 𝜕𝑃𝜖 , and 𝑓 : 𝜕𝑃𝜖 ↦→ 𝑁𝜕𝑃𝜖 , which is constructed from

Gauss map of 𝜕𝑃𝜖 , maps between 𝜕𝑃𝜖 and 𝑁𝜕𝑃𝜖 . Here 𝑓 is bijec-

tive since 𝜕𝑃𝜖 is convex. The map 𝑔 serves as a crucial connector

between the medial mesh element 𝑃 and the normal vectors of its

𝜖-neighborhood boundary 𝜕𝑃𝜖 . Essentially, 𝑔 associates each point

in 𝑃 with a set of unit directional vectors – the normal vectors of

𝜕𝑃𝜖 , while the surjection of 𝜋𝜖 concurrently guarantees each such

normal vector corresponds to a specific point in 𝑃 . This provides a

theoretical guarantee that our primitives are mathematically well-

defined in the continuous setting, i.e., every point in 𝑃 correlates

with at least one directional vector through the surjection of 𝑔.

Due to the convexity of 𝑃𝜖 , the directional vectors 𝑑 (𝑃) are not
affected by the choice of 𝜖 in the continuous case. In our implemen-

tation for discrete primitives, as shown in Fig. 9, we choose 𝜖 = 0.01

for input shapes normalized to the range [0,1].
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